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+♦♦❧ ♣$♦♣♦%❡❞ ❜② ❈❛++❡❧❧ ✭✶✾✻✻✮✳ ❍♦✇❡✈❡$✱ +❤❡%❡ ✐♥❢♦$♠❛❧ ♠❡+❤♦❞% ❛$❡ %✉❜❥❡❝+
+♦ ❝$✐+✐❝✐%♠% ♦❢ ✈✉❧♥❡$❛❜✐❧✐+②✱ %✉❜❥❡❝+✐✈✐+②✱ ❛♥❞ ❧❛❝❦ ♦❢ %+❛+✐%+✐❝❛❧ +❤❡♦$② ✭❲✐%❧♦♥
❛♥❞ ❈♦♦♣❡$✱ ✷✵✵✽✮✳ ▼♦$❡♦✈❡$✱ ✐♥ ♣$❡%❡♥❝❡ ♦❢ ❝$♦%%✲%❡❝+✐♦♥❛❧ ❛♥❞ +❡♠♣♦$❛❧ ❞❡✲
♣❡♥❞❡♥❝❡ ♦❢ ❡$$♦$%✱ +②♣✐❝❛❧ ❢❡❛+✉$❡% ♦❢ ♠❛❝$♦❡❝♦♥♦♠✐❝ ❛♥❞ ✜♥❛♥❝✐❛❧ ❞❛+❛✱ +❤❡%❡
♠❡+❤♦❞% ❝❛♥♥♦+ ❝❧❡❛♥❧② $❡✈❡❛❧ +❤❡ +$✉❡ ♥✉♠❜❡$ ♦❢ ❢❛❝+♦$% ✭❆❤♥ ❛♥❞ ❍♦$❡♥✲
%+❡✐♥✱ ✷✵✶✸✮✳ ■♥ %♦♠❡ ❡❝♦♥♦♠✐❝ +❤❡♦$✐❡%✱ +❤❡ ♥✉♠❜❡$ ♦❢ ❢❛❝+♦$% ❛♥❞ +❤❡ ❢❛❝+♦$%
+❤❡♠%❡❧✈❡% ❛$❡ ✐♠♣♦%❡❞ $❛+❤❡$ +❤❛♥ ❜❡✐♥❣ %♣❡❝✐✜❡❞ ❜② +❤❡ ❞❛+❛✱ ❛ ✇❡❧❧✲❦♥♦✇♥
❡①❛♠♣❧❡ ✐% +❤❡ ❈❆Q▼✳ ❯♥❞❡$ +❤❡ ❛%%✉♠♣+✐♦♥ ♦❢ ❝$♦%%✲%❡❝+✐♦♥❛❧ ❛♥❞ +❡♠♣♦$❛❧ ❞❡✲
♣❡♥❞❡♥❝❡ ♦❢ ❡$$♦$%✱ ❈♦♥♥♦$ ❛♥❞ ❑♦$❛❥❝②❦ ✭✶✾✾✸✮✱ ❈❤❛♠❜❡$❧❛✐♥ ❛♥❞ ❘♦+❤%❝❤✐❧❞
✭✶✾✽✸✮✱ ❈$❛❣❣ ❛♥❞ ❉♦♥❛❧❞ ✭✶✾✾✼✮✱ ▲❡✇❜❡❧ ✭✶✾✾✶✮ ❛♥❞ ❉♦♥❛❧❞ ✭✶✾✾✼✮ ♣$♦♣♦%❡
❝$✐+❡$✐❛ ❢♦$ %❡❧❡❝+✐♥❣ +❤❡ ♥✉♠❜❡$ ♦❢ ❢❛❝+♦$%✳ ❍♦✇❡✈❡$✱ ❛❧❧ ♦❢ +❤❡%❡ ❝$✐+❡$✐❛ $❡d✉✐$❡
♦♥❡ ❞✐♠❡♥%✐♦♥ ✭◆ ♦$ ❚✮ ♦❢ ❞❛+❛%❡+ ✜①❡❞✳
❋♦$ ❢❛❝+♦$ ♠♦❞❡❧% ✇✐+❤ ❜♦+❤ ◆ ❛♥❞ ❚ ❛♣♣$♦❛❝❤✐♥❣ ✐♥✜♥✐+②✱ ❡❛$❧② ✇♦$❦ ♦♥ +❤❡
✐%%✉❡ ♦❢ %❡❧❡❝+✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ ❢❛❝+♦$% ✐♥❝❧✉❞❡% ❙+♦❝❦ ❛♥❞ ❲❛+%♦♥ ✭✶✾✾✽✮✱ ❋♦$♥✐
❛♥❞ ❘❡✐❝❤❧✐♥ ✭✶✾✾✽✮ ❛♥❞ ❋♦$♥✐ ❡+ ❛❧✳ ✭✷✵✵✵✮✳ ❍♦✇❡✈❡$✱ +❤❡ ♣✐♦♥❡❡$✐♥❣ ❢♦$♠❛❧
%+❛+✐%+✐❝❛❧ ♣$♦❝❡❞✉$❡ ✐% +❤❡ ✐♥❢♦$♠❛+✐♦♥ ❝$✐+❡$✐❛ ❞❡✈❡❧♦♣❡❞ ❜② ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮✳
❙✐♥❝❡ +❤❡♥✱ ❛ ❢❡✇ $❡%❡❛$❝❤❡$% ❤❛✈❡ ♣$♦♣♦%❡❞ ❛❧+❡$♥❛+✐✈❡ ❝♦♥%✐%+❡♥+ ❡%+✐♠❛+♦$%✳
❚❤❡%❡ ❡%+✐♠❛+♦$% ❝❛♥ ❜❡ ❝❧❛%%✐✜❡❞ ✐♥+♦ ❢♦✉$ +②♣❡%✳ ❚❤❡ ✜$%+ ✐% ✐♥❢♦$♠❛+✐♦♥ ❝$✐+❡✲
$✐❛✱ ❡✳❣✳✱ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮✱ ❆♠❡♥❣✉❛❧ ❛♥❞ ❲❛+%♦♥ ✭✷✵✵✼✮✱ ❙+♦❝❦ ❛♥❞ ❲❛+%♦♥
✷
✭✷✵✵✺✮ ❛♥❞ ❆❧❡++✐ ❡- ❛❧✳ ✭✷✵✶✵✮✳ ❚❤❡ +❡❝♦♥❞ ✐+ ❜❛+❡❞ ♦♥ -❤❡ -❤❡♦5② ♦❢ 5❛♥❞♦♠
♠❛-5✐❝❡+ ❛♥❞ ❧✐♥❦❡❞ +♣❡❝✐✜❝❛❧❧② -♦ -❤❡ ♣5♦♣5✐❡-✐❡+ ♦❢ -❤❡ ❧❛5❣❡+- ❡✐❣❡♥✈❛❧✉❡+ ♦❢
-❤❡ ♠❛-5✐①✳ ❘❡♣5❡+❡♥-❛-✐✈❡ ✇♦5❦+ ❛5❡ ❍❛❧❧✐♥ ❛♥❞ ▲✐+❦❛ ✭✷✵✵✼✱ ✷✵✶✵✮✳ ❚❤❡ -❤✐5❞
-②♣❡ ✐+ ❜❛+❡❞ ♦♥ -❤❡ 5❛♥❦ ♦❢ ❛ ♠❛-5✐①✱ +✉❝❤ ❛+ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✼✮✳ ❚❤❡ ❢♦✉5-❤
❡♠♣❧♦②+ ❝❛♥♦♥✐❝❛❧ ❝♦55❡❧❛-✐♦♥ ❛♥❛❧②+✐+✳ ❚❤❡ 5❡♣5❡+❡♥-❛-✐✈❡ ♣❛♣❡5+ ❛5❡ ❏❛❝♦❜+
❛♥❞ ❖--❡5 ✭✷✵✵✽✮ ❛♥❞ ❇5❡✐-✉♥❣ ❛♥❞ K✐❣♦5+❝❤ ✭✷✵✵✾✮✳ ❍♦✇❡✈❡5✱ -❤❡+❡ ❡+-✐♠❛✲
-♦5+ ❛5❡ 5❡❧❛-❡❞ -♦ ❡❛❝❤ ♦-❤❡5✳ ❋♦5 ✐♥+-❛♥❝❡✱ ❖♥❛-+❦✐ ✭✷✵✵✼✮ +❤♦✇+ -❤❡ 5❡❧❛-✐♦♥
❜❡-✇❡❡♥ -❤❡ ✐♥❢♦5♠❛-✐♦♥ ❝5✐-❡5✐❛ ❡+-✐♠❛-♦5+ ❛♥❞ -❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡+-✐♠❛-♦5+ ❜②
♣♦✐♥-✐♥❣ ♦✉- -❤❛- -❤❡ ✐♥❢♦5♠❛-✐♦♥ -②♣❡ ❡+-✐♠❛-♦5 ❡O✉❛❧+ -❤❡ ♥✉♠❜❡5 ♦❢ ❡✐❣❡♥✈❛❧✲
✉❡+ ❣5❡❛-❡5 -❤❛♥ ❛ -❤5❡+❤♦❧❞ ✈❛❧✉❡ +♣❡❝✐✜❡❞ ❜② ❛ ♣❡♥❛❧-② ❢✉♥❝-✐♦♥✳ ❚❤❡ ❝5✐-❡5✐❛
♣5♦♣♦+❡❞ ❜② ❖♥❛-+❦✐ ✭✷✵✵✼✮ ❛♥❞ ❆❤♥ ❛♥❞ ❍♦5❡♥+-❡✐♥ ✭✷✵✵✾✮ ❡①❛❝-❧② ❡①♣❧♦✐- -❤✐+
5❡❧❛-✐♦♥✳
❆❧❧ -❤❡+❡ +❡❧❡❝-✐♦♥ ❝5✐-❡5✐❛ ❞❡❧✐✈❡5 ❛ ❝♦♥+✐+-❡♥- ❡+-✐♠❛-♦5 ♦❢ -❤❡ ♥✉♠❜❡5 ♦❢
❢❛❝-♦5+❀ ❤♦✇❡✈❡5✱ ❡+-✐♠❛-❡❞ 5❡+✉❧-+ ✐♥ ✜♥✐-❡ +❛♠♣❧❡+ ♦❢-❡♥ ❞✐✈❡5❣❡✳ ❋✉5-❤❡5♠♦5❡✱
❛❧-❤♦✉❣❤ -❤❡ ❛++✉♠♣-✐♦♥+ ❛5❡ ♠♦5❡ ♦5 ❧❡++ 5❡+-5✐❝-✐✈❡ ❢♦5 ❞✐✛❡5❡♥- +❡❧❡❝-✐♦♥ 5✉❧❡+✱
♠♦+- ❛✉-❤♦5+ ❛5❣✉❡ -❤❛- -❤❡✐5 ❛♣♣5♦❛❝❤ ❝❛♥ ❜❡ ❡①-❡♥❞❡❞ -♦ -❤❡ ♠♦5❡ ❣❡♥❡5❛❧
❝❛+❡✳ ❚❤❡ ♣✉5♣♦+❡ ♦❢ -❤✐+ ♣❛♣❡5 ✐+ -♦ ❝♦♠♣❛5❡ -❤❡ ♣5♦♣❡5-✐❡+ ♦❢ -❤❡ ♠❛✐♥ ❝5✐-❡5✐❛
♣5♦♣♦+❡❞ ✐♥ ❛ +♠❛❧❧ +❛♠♣❧❡ ❛♥❞ -❤✉+ ❤❡❧♣ -❤❡ ❝❤♦✐❝❡ ♦❢ ❝5✐-❡5✐❛ ✉+✐♥❣ ❞✐✛❡5❡♥-
❞❛-❛✳ ❚♦ -❤❡ ❜❡+- ♦❢ ♦✉5 ❦♥♦✇❧❡❞❣❡✱ -❤❡5❡ ✐+ ♥♦ ❡①✐+-✐♥❣ ❝♦♠♣❧❡-❡ ❝♦♠♣❛5✐+♦♥
♦❢ ❝5✐-❡5✐❛✱ ❛♣❛5- ❢5♦♠ -❤❡ ❛5-✐❝❧❡ ❜② ❇❛5❤♦✉♠✐ ❡- ❛❧✳ ✭✷✵✶✸✮✳ ❈♦♠♣❛5❡❞ -♦
❇❛5❤♦✉♠✐ ❡- ❛❧✳ ✭✷✵✶✸✮✱ ✇❤✐❝❤ ❢♦❝✉+❡+ ♦♥ ❢♦5❡❝❛+-✐♥❣ ♣❡5❢♦5♠❛♥❝❡✱ ♦✉5 ✇♦5❦
❢♦❝✉+❡+ ♦♥ ♣❡5❢♦5♠❛♥❝❡ ♦❢ ❝5✐-❡5✐❛ ✉♥❞❡5 ❞✐✛❡5❡♥- ❛++✉♠♣-✐♦♥+✳
❚❤❡ ♣❛♣❡5 ✐+ ♦5❣❛♥✐③❡❞ ❛+ ❢♦❧❧♦✇+✳ ❙❡❝-✐♦♥ ✷ +✉♠♠❛5✐③❡+ -❤❡ ❡①✐+-✐♥❣ ❢❛❝-♦5
♠♦❞❡❧+✳ ❙❡❝-✐♦♥ ✸ ♣5❡+❡♥-+ -❤❡ ❞✐✛❡5❡♥- -②♣❡+ ♦❢ ❡+-✐♠❛-♦5+✳ ❙❡❝-✐♦♥ ✹ 5❡♣♦5-+
▼♦♥-❡ ❈❛5❧♦ ❡①♣❡5✐♠❡♥-+✳ ❙❡❝-✐♦♥ ✺ ♣5♦✈✐❞❡+ -✇♦ ❡♠♣✐5✐❝❛❧ ❛♣♣❧✐❝❛-✐♦♥+✱ ✉+✐♥❣
5❡+♣❡❝-✐✈❡❧② ♠❛❝5♦❡❝♦♥♦♠✐❝ ❞❛-❛ ❛♥❞ +-♦❝❦ 5❡-✉5♥ ❞❛-❛✳ ❙❡❝-✐♦♥ ✻ ♣5❡+❡♥-+ -❤❡
❝♦♥❝❧✉+✐♦♥+✳
✷ ❋❛❝$♦& ▼♦❞❡❧+
❯+✉❛❧❧②✱ -❤❡ ❢❛❝-♦5 ♠♦❞❡❧ ✐+ ✇5✐--❡♥ ✐♥ ❛ ❣❡♥❡5❛❧ ❢♦5♠ ❛+ ❢♦❧❧♦✇+✿
xt= ΛFt+et ✭✶✮
xt ❛5❡ ◆✲❞✐♠❡♥+✐♦♥❛❧ ♦❜+❡5✈❛❜❧❡ ✈❛5✐❛❜❧❡+✳ ❲❤❡♥ xt ❛❞♠✐- ❛ ❢❛❝-♦5✐❛❧ 5❡♣✲
5❡+❡♥-❛-✐♦♥✱ -❤❡② ❝❛♥ ❜❡ ❞❡❝♦♠♣♦+❡❞ ✐♥-♦ ❛ +♠❛❧❧ ♥✉♠❜❡5 ♦❢ ❢❛❝-♦5+ ❛♥❞ N
✐❞✐♦+②♥❝5❛-✐❝ ❡55♦5+✳ Ft ✐+ ❛♥ r−❞✐♠❡♥+✐♦♥❛❧ ✈❡❝-♦5 ♦❢ ❝♦♠♠♦♥ ❢❛❝-♦5+✱ ✇❤❡5❡
r ❞❡♥♦-❡+ -❤❡ ♥✉♠❜❡5 ♦❢ ❢❛❝-♦5+✱ r ≪ N ✳ Λ ✐+ ❛♥ N × r ❞✐♠❡♥+✐♦♥❛❧ ♠❛-5✐①
❝♦♥-❛✐♥✐♥❣ -❤❡ ❢❛❝-♦5 ❧♦❛❞✐♥❣+✳ ❲❡ ✉+❡ χt -♦ ❞❡♥♦-❡ -❤❡ ❝♦♠♠♦♥ ❝♦♠♣♦♥❡♥-✱
χt = ΛFt✳ et ✐+ N × 1 ❞✐♠❡♥+✐♦♥❛❧ ✐❞✐♦+②♥❝5❛-✐❝ ❡55♦5+✳ Λ✱ Ft ❛♥❞ et ❛5❡
✉♥♦❜+❡5✈❛❜❧❡✳
❙♣❡❝✐✜❝❛❧❧②✱ -❤❡ 5❡♣5❡+❡♥-❛-✐♦♥ ✭✶✮ ✐+ ❛ +-❛-✐❝ ❢❛❝-♦5 ♠♦❞❡❧ ❛♥❞ Ft ❛5❡ -❡5♠❡❞
+-❛-✐❝ ❢❛❝-♦5+ ❜❡❝❛✉+❡ -❤❡ 5❡❧❛-✐♦♥+❤✐♣ ❜❡-✇❡❡♥ ❢❛❝-♦5+ ❛♥❞ ❢❛❝-♦5 ❧♦❛❞✐♥❣+ ✐+
✸
 !❛!✐❝✳ ◆♦♥❡!❤❡❧❡  ✱ ❡✈❡♥ ✐♥ ❛  !❛!✐❝ ♠♦❞❡❧✱ ❢❛❝!♦1 Ft ❝❛♥ ❜❡ ✧❞②♥❛♠✐❝✧ ✐♥ !❤❡
 ❡♥ ❡ !❤❛! !❤❡② ❝❛♥ ❡✈♦❧✈❡ ❢♦❧❧♦✇✐♥❣ ❛ ❞②♥❛♠✐❝ ♣1♦❝❡   ✉❝❤ ❛ ✱
Φ(L)Ft = B(L)υt ✭✷✮
❚❤❡ ✐❞✐♦ ②♥❝1❛!✐❝ ❡11♦1 ♠✐❣❤! ❛❧ ♦ ❜❡ ❛✉!♦❝♦11❡❧❛!❡❞✿
Ψ(L)eit = Di(L)ζit ✭✸✮
✇❤❡1❡ υt ❛♥❞ ζit ❛1❡ ✐✳✐✳❞✳ ✇❤✐!❡ ♥♦✐ ❡ ✇✐!❤ E ‖υt‖4+δ < M < ∞ ❛♥❞
E ‖ζit‖4+δ < M <∞ ❢♦1  ♦♠❡ δ > 0✳ Φ(L)✱ B(L)✱ Ψ(L) ❛♥❞ Di(L) ❛1❡ ❧❛❣❣❡❞
♣♦❧②♥♦♠✐❛❧ ✇✐!❤ 1♦♦! ✇❤✐❝❤ ❛❧❧ ❧✐❡ ♦✉! ✐❞❡ !❤❡ ✉♥✐! ❝✐1❝❧❡✳
❚❤❡ ❞②♥❛♠✐❝ ❢❛❝!♦1 ♠♦❞❡❧ ❝❛♥ ❜❡ ✇1✐!!❡♥ ❛ ❢♦❧❧♦✇ ✱
xt = λ
′
i
(L)f t + et ✭✹✮
ft ❛1❡ q✲❞✐♠❡♥ ✐♦♥❛❧ ❞②♥❛♠✐❝ ❢❛❝!♦1 ✱ ✇❤❡1❡ q ✐ !❤❡ ♥✉♠❜❡1 ♦❢ ❞②♥❛♠✐❝ ❢❛❝✲
!♦1 ✳ λi(L) ❛1❡ ❧❛❣❣❡❞ ♣♦❧②♥♦♠✐❛❧ ✇✐!❤ 1♦♦! ♦✉! ✐❞❡ !❤❡ ✉♥✐! ❝✐1❝❧❡✳ ❋❛❝!♦1 
❛♥❞ ✐❞✐♦ ②♥❝1❛!✐❝ ❡11♦1 ❢♦❧❧♦✇ ❞②♥❛♠✐❝ ♣1♦❝❡  ❡  ✐♠✐❧❛1 !♦ !❤♦ ❡ ✐♥ ❡B✉❛!✐♦♥ 
✭✷✮ ❛♥❞ ✭✸✮✳ ■♥ ✭✶✮ ❛♥❞ ✭✹✮✱ ❜♦!❤ ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ❤❡!❡1♦ ❦❡❞❛ !✐❝✐!② ♦❢ ✐❞✲
✐♦ ②♥❝1❛!✐❝ ❡11♦1 ❛♥❞ ❞❡♣❡♥❞❡♥❝❡ ❜❡!✇❡❡♥ ❢❛❝!♦1 ❛♥❞ ❡11♦1 ❛1❡ ❛❧❧♦✇❡❞✳ ❚❤❡
❛  ✉♠♣!✐♦♥ ♣1♦♣♦ ❡❞ ❜② ✈❛1✐♦✉ 1❡ ❡❛1❝❤❡1 ❞✐✛❡1 ♠❛✐♥❧② ✐♥ 1❡❧❛!✐♦♥ !♦ !❤❡
!1❛❞❡♦✛ ❜❡!✇❡❡♥ ♠♦♠❡♥! ❝♦♥ !1❛✐♥! ❛♥❞ ❞❡♣❡♥❞❡♥❝❡ ♣1♦♣❡1!✐❡ ♦❢ !❤❡ ❢❛❝!♦1 
❛♥❞ ✐❞✐♦ ②♥❝1❛!✐❝ ❡11♦1 ✳ ❲❡ ❞♦ ♥♦! 1❡♣♦1! !❤❡ ❞❡!❛✐❧❡❞ !❡❝❤♥✐❝❛❧ ❛  ✉♠♣!✐♦♥ 
❤❡1❡
✶
❀ ✇❡ ♣1♦✈✐❞❡ ❛ ❜1✐❡❢  ✉♠♠❛1② ✐♥ ❚❛❜❧❡ ✶ !♦  ❤♦✇ !❤❡ ❞✐✛❡1❡♥❝❡ ✳ ❲❡ ✇♦✉❧❞
♣♦✐♥! ♦✉! ❢♦1  ✐♠♣❧✐❝✐!②✱  !❛!✐♦♥❛1✐!② ✐ ❛  ✉♠❡❞✱ ❛❧!❤♦✉❣❤ ✐! ✐ ♥♦! ♥❡❝❡  ❛1② ❢♦1
 ♦♠❡ ❝1✐!❡1✐❛
✷
✳
✶
❲❡ "❡❢❡" $❤❡ "❡❛❞❡" $♦ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮ ❋♦"♥✐ ❡$ ❛❧✳ ✭✷✵✵✵✮ ❛♥❞ ♦$❤❡"5 ❢♦" $❤❡ ❛55✉♠♣✲
$✐♦♥5✳
✷
❋♦" ♥♦♥ 5$❛$✐♦♥❛"② ❞❛$❛✱ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✹✮ 5✉❣❣❡5$ $❤❛$ $❤❡ ♥✉♠❜❡" ♦❢ ❢❛❝$♦"5 ❝❛♥ ❜❡
❡5$✐♠❛$❡❞ ✇✐$❤ ❞✐✛❡"❡♥❝❡❞ ❞❛$❛✳
✹
❚❛❜❧❡ ✶✿ ❈♦♠♣❛+✐-♦♥- ♦❢ ❆--✉♠♣2✐♦♥- ♦❢ ❉✐✛❡+❡♥2 ❙♣❡❝✐✜❝❛2✐♦♥ ❈+✐2❡+✐❛
❲❤❡♥ λi(L) ❛+❡ ❧❛❣❣❡❞ ♣♦❧②♥♦♠✐❛❧- ♦❢ ❧✐♠✐2❡❞ ♦+❞❡+-✱ ✇❡ ❝❛❧❧ ✭✹✮ +❡-2+✐❝2❡❞
❞②♥❛♠✐❝ ❢❛❝2♦+ ♠♦❞❡❧✱ ✇❤✐❝❤ ✐- ✐♥ ❝♦♥2+❛-2 2♦ ❣❡♥❡+❛❧✐③❡❞ ❞②♥❛♠✐❝ ❢❛❝2♦+ ♠♦❞❡❧
✇✐2❤ λi(L) ♦❢ ✐♥✜♥✐2❡ ♦+❞❡+-✳ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✼✮ -❤♦✇ 2❤❛2 2❤❡ +❡-2+✐❝2❡❞ ❞②✲
♥❛♠✐❝ ♠♦❞❡❧ ❛♥❞ 2❤❡ ❛♣♣+♦①✐♠❛2❡❞ -2❛2✐❝ ♠♦❞❡❧ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❜② ♠❛2❤❡♠❛2✲
✐❝❛❧ ✐❞❡♥2✐2✐❡-✳ ❍♦✇❡✈❡+✱ ♥♦2✐❝❡ 2❤❛2 ♦♥❧② 2❤❡ ❝♦♥2❡♠♣♦+❛♥❡♦✉- ❡✛❡❝2- ♦❢ 2❤❡
❢❛❝2♦+- ♦♥ 2❤❡ ✈❛+✐❛❜❧❡- ❛+❡ ❝♦♥-✐❞❡+❡❞ ✐♥ 2❤❡ -2❛2✐❝ ♠♦❞❡❧✱ ✇❤✐❧❡ ❧❛❣❣❡❞ ❞❡♣❡♥✲
❞❡♥❝✐❡- ❛+❡ ❛❧-♦ ❛❧❧♦✇❡❞ ✐♥ 2❤❡ ❞②♥❛♠✐❝ ♠♦❞❡❧✳ ■♥ ❛❞❞✐2✐♦♥✱ 2❤❡② ✐♠♣❧② ❞✐✛❡+❡♥2
❡-2✐♠❛2✐♦♥ ♠❡2❤♦❞-✳ ❆-②♠♣2♦2✐❝ ♣+✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥2- ❛♥❛❧②-✐- ✭❆N❈❆✮ ❝♦✉❧❞
❜❡ ❛♣♣❧✐❡❞ 2♦ 2❤❡ -❛♠♣❧❡ ❝♦✈❛+✐❛♥❝❡ ♠❛2+✐① ❢♦+ ❡-2✐♠❛2✐♥❣ ❢❛❝2♦+- ♦❢ -2❛2✐❝ ❢❛❝✲
2♦+ ♠♦❞❡❧- ✭-❡❡ ❙2♦❝❦ ❛♥❞ ❲❛2-♦♥ ✭✷✵✵✷✮ ❛♥❞ ♦2❤❡+-✳✮ ❍♦✇❡✈❡+✱ ♦♥❡ ❝♦✉❧❞ ✉-❡
❞②♥❛♠✐❝ ♣+✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥2- ❛♥❛❧②-✐- ✭❉N❈❆✮ ✐♥ 2❤❡ ❢+❡P✉❡♥❝② ❞♦♠❛✐♥ ❢♦+ ❞②✲
♥❛♠✐❝ ❢❛❝2♦+ ♠♦❞❡❧- ✭❇+✐❧❧✐♥❣❡+✱ ✶✾✽✶❀ ❋♦+♥✐ ❡2 ❛❧✳✱ ✷✵✵✵✱ ✷✵✵✹✮✳ ❆❧2❡+♥❛2✐✈❡❧②✱
❉♦③ ❡2 ❛❧✳ ✭✷✵✵✻✮ ♣+♦♣♦-❡ ❛ P✉❛-✐ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❛♣♣+♦❛❝❤✳ ❑❛♣❡2❛♥✐♦-
✺
❛♥❞ ▼❛$❝❡❧❧✐♥♦ ✭✷✵✵✹✮ ❛❧/♦ ♣$♦♣♦/❡❞ ❛ ♣❛$❛♠❡2$✐❝ ♠❡2❤♦❞ ❢♦$ ❡/2✐♠❛2✐♥❣ ❧❛$❣❡
❛♣♣$♦①✐♠❛2❡ ❢❛❝2♦$ ♠♦❞❡❧/✳ ❋♦$ $❡✈✐❡✇/ ❛♥❞ ❝♦♠♣❛$✐/♦♥/ ♦❢ 2❤❡/❡ ❡/2✐♠❛2✐♦♥
♠❡2❤♦❞/✱ /❡❡ ❙2♦❝❦ ❛♥❞ ❲❛2/♦♥ ✭✷✵✶✵✮✱ ❇♦✐✈✐♥ ❛♥❞ ◆❣ ✭✷✵✵✺✮✱ ▼❛$❝❡❧❧✐♥♦ ❡2 ❛❧✳
✭✷✵✵✺✮ ❛♥❞ ❉✬❆❣♦/2✐♥♦ ❛♥❞ ●✐❛♥♥♦♥❡ ✭✷✵✵✻✮✳
✸ ❈"✐$❡"✐❛ ♦❢ )❡❧❡❝$✐♦♥ ♦❢ ♥✉♠❜❡" ♦❢ ❢❛❝$♦")
■♥ 2❤✐/ /❡❝2✐♦♥✱ ✇❡ ❞✐/❝✉// ✈❛$✐♦✉/ ❝$✐2❡$✐❛✳ ❚❤❡② ❛$❡ ❝❧❛//✐✜❡❞ ✐♥ ❢♦✉$ ❣$♦✉♣/✿
✐♥❢♦$♠❛2✐♦♥ ❝$✐2❡$✐❛ 2②♣❡✱ ❝$✐2❡$✐❛ ❜❛/❡❞ ♦♥ ♣$♦♣❡$2✐❡/ ♦❢ ❡✐❣❡♥✈❛❧✉❡/ ♦$ /✐♥❣✉✲
❧❛$ ✈❛❧✉❡✱ ❝$✐2❡$✐❛ ❡①♣❧♦✐2✐♥❣ 2❤❡ $❛♥❦ ♦❢ ♠❛2$✐①✱ ❛♥❞ ❝$✐2❡$✐❛ ✉/✐♥❣ ❝❛♥♦♥✐❝❛❧
❝♦$$❡❧❛2✐♦♥ ❛♥❛❧②/✐/✳
✸✳✶ ■♥❢♦'♠❛*✐♦♥ ❝'✐*❡'✐❛ *②♣❡
❆/ ✐/ ✇❡❧❧✲❦♥♦✇♥✱ 2❤❡ ❣❡♥❡$❛❧ $✉❧❡ ❢♦$ ✐♥❢♦$♠❛2✐♦♥ ❝$✐2❡$✐❛ ✐/ /❡❧❡❝2✐♥❣ 2❤❡ ♥✉♠❜❡$
♦❢ ❢❛❝2♦$/ ✇❤✐❝❤ ♠✐♥✐♠✐③❡/ 2❤❡ ✈❛$✐❛♥❝❡ ❡①♣❧❛✐♥❡❞ ❜② 2❤❡ ✐❞✐♦/②♥❝$❛2✐❝ ❝♦♠♣♦✲
♥❡♥2✳ ❆ ♣❡♥❛❧2② ❢✉♥❝2✐♦♥ ✐/ ✐♥2$♦❞✉❝❡❞ ✐♥ ♦$❞❡$ 2♦ ❛✈♦✐❞ ♦✈❡$♣❛$❛♠❡2❡$✐③❛2✐♦♥✳
❚❤❡ ❝❤♦✐❝❡ ♦❢ ♣❡♥❛❧2② ❢✉♥❝2✐♦♥ ✐/ ♦❢2❡♥ $❡❧❛2❡❞ 2♦ 2❤❡ $❛2❡ ♦❢ ❝♦♥✈❡$❣❡♥❝❡ ♦❢
2❤❡ ❡/2✐♠❛2♦$/✳ ❙2❛♥❞❛$❞ ❝$✐2❡$✐❛ ❆■❈ ❛♥❞ ❇■❈ ❛$❡ ❣♦♦❞ ❡①❛♠♣❧❡/✳ ❍♦✇❡✈❡$✱
2❤❡/❡ ❝$✐2❡$✐❛ ❛$❡ ♥♦2 ❛♣♣❧✐❝❛❜❧❡ ✐♥ ❧❛$❣❡ ❢❛❝2♦$ ♠♦❞❡❧/ ❜❡❝❛✉/❡ 2❤❡ ❢❛❝2♦$/ ❛$❡
✉♥♦❜/❡$✈❛❜❧❡ ❛♥❞ ❞♦ ♥♦2 2❛❦❡ ❛❝❝♦✉♥2 ♦❢ 2❤❡ ❞♦✉❜❧❡ ❞✐♠❡♥/✐♦♥/ ✭❚ ❛♥❞ ♥✮✳
✸✳✶✳✶ ❊$%✐♠❛%✐♦♥ ♦❢ $%❛%✐❝ ❢❛❝%♦-$
❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮ ♠♦❞✐❢② ❆■❈ ❛♥❞ ❇■❈ ❜② 2❛❦✐♥❣
❛❝❝♦✉♥2 ♦❢ ❜♦2❤ ❞✐♠❡♥/✐♦♥/ n ❛♥❞ T ♦❢ 2❤❡ ❞❛2❛/❡2 ❛♥❞ /✉❣❣❡/2 ❝$✐2❡$✐❛ PCp 2♦
/♣❡❝✐❢② 2❤❡ ♥✉♠❜❡$ ♦❢ /2❛2✐❝ ❢❛❝2♦$/ r✿
PC(k) = V (k) + kp(n, T ) ✭✺✮
✇❤❡$❡ V (k) = (nT )−1
n∑
i=1
T∑
t=1
(Xit − λˆki
′
Fˆ kt )
2
✱ λˆki ❛♥❞ Fˆ
k
t ❛$❡ 2❤❡ ❆S❈❆ ❡/✲
2✐♠❛2♦$/ ♦❢ 2❤❡ ❢❛❝2♦$ ❧♦❛❞✐♥❣/ ❛♥❞ ❢❛❝2♦$/✱ 2❤❡ /✉♣❡$/❝$✐♣2 k /✐❣♥✐✜❡/ k /2❛2✐❝
❢❛❝2♦$/ ❛$❡ ✉/❡❞✳
❚❤❡ /❡❧❡❝2❡❞ ♥✉♠❜❡$ ♦❢ ❢❛❝2♦$/ /❤♦✉❧❞ ♠✐♥✐♠✐③❡ PC(k)✱ ✐✳❡✳✱
k̂ = argmin0≤k≤rmax PC(k)✱ ✇❤❡$❡ rmax ✐/ ❛ ♣$❡❞❡2❡$♠✐♥❡❞ ❜♦✉♥❞❡❞ ✐♥2❡✲
❣❡$✳
❆/ ❢♦$ AIC ❡2 BIC✱ V (k) /❤♦✉❧❞ ❜❡ /♠❛❧❧ ✐❢ k > r✳ ❚♦ ❛✈♦✐❞ ✉♥❞❡$✲
❡/2✐♠❛2✐♦♥ ❛♥❞ ♦✈❡$❡/2✐♠❛2✐♦♥✱ 2❤❡ ♣❡♥❛❧2② ❢✉♥❝2✐♦♥ ♠✉/2 /❛2✐/❢② 2❤❡ ❝♦♥❞✐✲
2✐♦♥/ ✭✐✮ p(n, T ) → 0 ❛♥❞ ✭✐✐✮ CN,T · p(n, T ) → ∞ ✇❤❡♥ n, T → ∞✱ ✇❤❡$❡
Cn,T = min
[√
n,
√
T
]
✭❙❡❡ ❚❤❡♦$❡♠ ✷ ♦❢ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮✮✳ ❚❤❡ ✐♥2✉✐2✐♦♥
❜❡❤✐♥❞ 2❤❡/❡ ❝♦♥❞✐2✐♦♥/ ✐/ 2❤❛2 2❤❡ ♣❡♥❛❧2② ❢✉♥❝2✐♦♥ p(n, T ) ❝♦♥✈❡$❣❡/ 2♦ ③❡$♦
✻
❜✉" ❧❡%% &✉✐❝❦❧② "❤❛♥ "❤❡ ❝♦♥✈❡0❣❡♥❝❡ 0❛"❡ ♦❢ ❡%"✐♠❛"♦0 ♦❢ ❢❛❝"♦0%✱ ✇❤✐❝❤ ✐% ♣0♦✈❡♥
"♦ ❜❡ C−1n,T ❜② ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮✳ ❚❤❡0❡❢♦0❡✱ "❤❡ ♣❡♥❛❧"② ❢✉♥❝"✐♦♥ ❛♣♣0♦❛❝❤❡%
③❡0♦ ❜✉" ✐" ✏❞♦♠✐♥❛"❡% "❤❡ ❞✐✛❡0❡♥❝❡ ✐♥ "❤❡ %✉♠ ♦❢ %&✉❛0❡❞ 0❡%✐❞✉❛❧% ❜❡"✇❡❡♥
"❤❡ "0✉❡ ❛♥❞ "❤❡ ♦✈❡0♣❛0❛♠❡"❡0✐③❡❞ ♠♦❞❡❧✑ ✭❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮✮✳ ❆♥♦"❤❡0 ❝❧❛%%
♦❢ ❝0✐"❡0✐❛ ❛❧❧♦✇✐♥❣ ❛ ❝♦♥%✐%"❡♥" ❡%"✐♠❛"♦0 ♦❢ r ✐% ♣0♦♣♦%❡❞ ❜② ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮✱
❛♥❞ ✐% "❤❡ ❧♦❣❛0✐"❤♠✐❝ ✈❡0%✐♦♥ ♦❢ PC(k)✳ ❋♦0 ❡❛❝❤ ❝❧❛%%❡ ♦❢ ❝0✐"❡0✐❛✱ ❇❛✐ ❛♥❞ ◆❣
✭✷✵✵✷✮ ♣0♦♣♦%❡ "❤0❡❡ %♣❡❝✐✜❝ ❢♦0♠✉❧❛"✐♦♥% ✳ ❙✐♥❝❡ ICp1 ❛♥❞ PCp1 ❛0❡ %❤♦✇♥ "♦
❜❡ ♠♦0❡ 0♦❜✉%" "❤❛♥ "❤❡ ♦"❤❡0% ❜② "❤❡ ▼♦♥"❡ ❈❛0❧♦ ❙✐♠✉❧❛"✐♦♥ ✐♥ ❇❛✐ ❛♥❞ ◆❣
✭✷✵✵✷✮
✸
✱ ✇❡ ❝♦♥%✐❞❡0 ♦♥❧② "❤❡%❡ "✇♦ ❝0✐"❡0✐❛ ✐♥ "❤✐% ♣❛♣❡0✱
PCBN02p1 (k) = V (k, F̂
k) + kσ̂2
(
n+ T
nT
)
ln
(
nT
n+ T
)
✭✻✮
ICBN02p1 (k) = ln(V (k, F̂
k)) + k
(
n+ T
nT
)
ln
(
nT
n+ T
)
✭✼✮
✇❤❡0❡ σ̂2 ✐% ❛ ❝♦♥%✐%"❡♥" ❡%"✐♠❛"❡ ♦❢ (nT )−1
n∑
i=1
T∑
t=1
E(eit)
2
✳ ❇❛✐ ❛♥❞ ◆❣
✭✷✵✵✷✮ %✉❣❣❡%" "❤❛" σ̂2 ❝❛♥ ❜❡ 0❡♣❧❛❝❡❞ ❜② V (rmax✱ ̂F rmax) ✐♥ 0❡❛❧✐"②✳ ❍♦✇❡✈❡0✱
"❤✐% ✐♠♣❧✐❡% "❤❛" M❈ ❞❡♣❡♥❞ ❞✐0❡❝"❧② ♦♥ "❤❡ ❝❤♦✐❝❡ ♦❢ rmax ✭❆❧❡%%✐ ❡" ❛❧✳✱ ✷✵✵✽❀
❋♦0♥✐ ❡" ❛❧✳✱ ✷✵✵✼✮✳
❚❤❡ ❝0✐"❡0✐❛ ♦❢ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮ ❤❛✈❡ ❛""0❛❝"❡❞ "✇♦ ❝0✐"✐❝✐%♠%✳ ❖♥❡ ✐%
"❤❛" "❤❡ ❡%"✐♠❛"♦0% ♥❡❡❞ "♦ ♣0❡✲%♣❡❝✐❢② ❛ ♠❛①✐♠✉♠ ♣♦%%✐❜❧❡ ♥✉♠❜❡0 ♦❢ ❢❛❝✲
"♦0%✱ rmax ✭❆❤♥ ❛♥❞ ❍♦0❡♥%"❡✐♥✱ ✷✵✶✸✮✳ ❆❧"❤♦✉❣❤ ❙❝❤✇❡0" ✭✶✾✽✾✮ %✉❣❣❡%"%
✉%✐♥❣ 8int
[
(T/100)1/4
]
❛% ❛ 0✉❧❡ "♦ %❡" rmax ❢♦0 "✐♠❡ %❡0✐❡% ❛♥❛❧②%✐%✱ ♥♦ ❣✉✐❞❡
✐% ❛✈❛✐❧❛❜❧❡ ❢♦0 ♣❛♥❡❧ ❛♥❛❧②%✐%✳ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮ %✉❣❣❡%" ❛♥ ❛0❜✐"0❛0② ❝❤♦✐❝❡✱
8int
[
(c2n,T /100)
1/4
]
✱ ❢♦0 ❧❛0❣❡ ❞✐♠❡♥%✐♦♥❛❧ ❢❛❝"♦0 ♠♦❞❡❧% ✇✐"❤♦✉" ♣0♦♦❢%✳ ❆♥✲
♦"❤❡0 ♣0♦❜❧❡♠ ✐% "❤❛" "❤❡ "❤0❡%❤♦❧❞ ❝❛♥ ❜❡ ❛0❜✐"0❛0✐❧② %❝❛❧❡❞✳ ◆❛♠❡❧②✱ ✐❢ p(n, T )
❧❡❛❞% "♦ ❝♦♥%✐%"❡♥" ❡%"✐♠❛"✐♦♥ ♦❢ r✱ %♦ ❞♦❡% αp(n, T )✱ ✇❤❡0❡ α ∈ R+✳ ❆% ♣♦✐♥"❡❞
♦✉" ❜② ❍❛❧❧✐♥ ❛♥❞ ▲✐%❦❛ ✭✷✵✵✼✮ ❛♥❞ ❆❧❡%%✐ ❡" ❛❧✳ ✭✷✵✵✽✮✱ ❛❧"❤♦✉❣❤ ♠✉❧"✐♣❧②✐♥❣
"❤❡ ♣❡♥❛❧"② ❢✉♥❝"✐♦♥ ❜② ❛♥ ❛0❜✐"0❛0② ❝♦♥%"❛♥" ❤❛% ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ "❤❡ ❛%②♠♣✲
"♦"✐❝ ♣❡0❢♦0♠❛♥❝❡ ♦❢ "❤❡ ❝0✐"❡0✐❛✱ "❤❡ 0❡%✉❧" ❝❛♥ ❜❡ ❛✛❡❝"❡❞ ✐♥ ❛ ✜♥✐"❡ %❛♠♣❧❡✳
❋✐♥❛❧❧②✱ ✐♥ "❤❡ ❛♣♣❧✐❝❛"✐♦♥% ✐♥ ❉✬❆❣♦%"✐♥♦ ❛♥❞ ●✐❛♥♥♦♥❡ ✭✷✵✶✸✮✱ ❆❤♥ ❛♥❞ ❍♦0❡♥✲
%"❡✐♥ ✭✷✵✶✸✮✱ ❋♦0♥✐ ❡" ❛❧ ✭✷✵✵✾✮ ❛♥❞ ❆❧❡%%✐ ❡" ❛❧✳ ✭✷✵✵✽✮✱ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮✬%
❝0✐"❡0✐❛ ❧❡❛❞ "♦ ✉♥❞❡0❡%"✐♠❛"✐♦♥ ❛♥❞✴♦0 ♦✈❡0❡%"✐♠❛"✐♦♥ ♦❢ ♥✉♠❜❡0 ♦❢ ❢❛❝"♦0% ✐♥
♣0❛❝"✐❝❡✳
✸
❇❛"✐❝❛❧❧②✱ (❤❡ ❞✐✛❡-❡♥❝❡ ❜❡(✇❡❡♥ ICp1✱ PCp1 ❛♥❞ (❤❡ ♦(❤❡- ❝-✐(❡-✐❛ -❡"✐❞❡" ✐♥ ✉"❡ ♦❢ (❤❡
(❡-♠
n+T
nT
♦- ✉"❡ ♦❢ (❤❡ ❝♦♥✈❡-❣❡♥❝❡ -❛(❡ Cn,T ✳ ◆♦(❡ (❤❡ ❝♦♥✈❡-❣❡♥❝❡ -❛(❡ ❢❛✐❧" (♦ (❛❦❡
❛❝❝♦✉♥( ♦❢ ❜♦(❤ ❞✐♠❡♥"✐♦♥"✳ ❋♦- ❡①❛♠♣❧❡✱ ✇❡ ♦❜(❛✐♥ (❤❡ "❛♠❡ Cn,T ❢♦- n = 50, T = 50 ❛♥❞
n = 200, T = 50✱ ✇❤✐❧❡ (❤❡ ❡"(✐♠❛(✐♦♥ ❡--♦- ✐" "♠❛❧❧❡- ✐♥ (❤❡ ❧❛((❡- ❝❛"❡✳ ❆❝❝♦-❞✐♥❣ (♦ ❇❛✐
❛♥❞ ◆❣ ✭✷✵✵✷✮✱ (❤❡ (❡-♠
n+T
nT
♣-♦✈✐❞❡" ❛ "♠❛❧❧ ❝♦--❡❝(✐♦♥ (♦ (❤❡ ❝♦♥✈❡-❣❡♥❝❡ -❛(❡ ❛♥❞ (❤❡
❛✉(❤♦-"✬ "✐♠✉❧❛(✐♦♥" "❤♦✇ (❤❛( ✐( ❤❛" ❛ ❞❡"✐-❛❜❧❡ ✉♣✇❛-❞" ♣❡♥❛❧(② ❛❞❥✉"(♠❡♥( ❡✛❡❝(✳
✼
❆❧❡##✐ ❡% ❛❧✳ ✭✷✵✶✵✮ ❖♥❡ ♦❢ %❤❡ ❝(✐%✐❝✐*♠* ♦❢ ❇❛✐ ❛♥❞ ◆❣✬* ✭✷✵✵✷✮ ❝(✐%❡(✐❛✱
(❡❧❛%❡❞ %♦ %❤❡ ❞❡❣(❡❡ ♦❢ ❢(❡❡❞♦♠ ✐♥ ♣❡♥❛❧%② ❢✉♥❝%✐♦♥✱ ✐* ❡①♣❧♦✐%❡❞ ❜② ❆❧❡**✐ ❡%
❛❧✳ ✭✷✵✶✵✮✱ ✇❤♦ ♣(♦♣♦*❡ ❛ (❡✜♥❡♠❡♥% ♦❢ %❤❡ ❝(✐%❡(✐❛ ✐♥ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮✳ ❚❤❡
✐❞❡❛ ✇❛* ✐♥*♣✐(❡❞ ❜② ❍❛❧❧✐♥ ❛♥❞ ▲✐*❦❛ ✭✷✵✵✼✮✱ ✇❤♦ ♣(♦♣♦*❡❞ *❡❧❡❝%✐♦♥ ❝(✐%❡(✐❛ ❢♦(
❞②♥❛♠✐❝ ❢❛❝%♦(* ✭❝✳❢ *❡❝%✐♦♥ ✸✳✸✮✳ ■♥*%❡❛❞ ♦❢ ✉*✐♥❣ ♦♥❡ *♣❡❝✐✜❝ ♣❡♥❛❧%② ❢✉♥❝%✐♦♥✱
❆❧❡**✐ ❡% ❛❧✳ ✭✷✵✶✵✮ ❡✈❛❧✉❛%❡ ❛ ✇❤♦❧❡ ❢❛♠✐❧② ♦❢ ♣❡♥❛❧%② ❢✉♥❝%✐♦♥*✳ ■♥ ♣❛(%✐❝✉❧❛(✱
%❤❡② ♣(♦♣♦*❡ %❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❢♦(♠❛%✐♦♥ ❝(✐%❡(✐❛ ❜❛*❡❞ ♦♥ ICp1(k) ♦❢ ❇❛✐ ❛♥❞ ◆❣
✭✷✵✵✷✮
✹
✿
ICABCa (k) = ln(V (k, F̂
k)) + αk
(
n+ T
nT
)
ln
(
nT
n+ T
)
✭✽✮
❚❤❡ ❛(❜✐%(❛(② ♣♦*✐%✐✈❡ (❡❛❧ ♥✉♠❜❡( α ✐* ❝❛❧❧❡❞ ❛ %✉♥✐♥❣ ♣❛(❛♠❡%❡(✱ ❛♥❞ %✉♥❡*
%❤❡ ♣❡♥❛❧✐③✐♥❣ ♣♦✇❡( ♦❢ %❤❡ ❢✉♥❝%✐♦♥✳ ❚❤❡ ❡*%✐♠❛%❡❞ ♥✉♠❜❡( ♦❢ ❢❛❝%♦(* ✐* k̂α =
argmin0≤k≤kmax ICABCa (k)✱ ✇❤✐❝❤ ❞❡♣❡♥❞* ♦♥ %❤❡ ❝❤♦✐❝❡ ♦❢ α✳ ❚❤❡ ❝❛❧✐❜(❛%✐♦♥
♦❢ α ✐* ❝❛((✐❡❞ ♦✉% ✐♥ %❤❡ ❢♦❧❧♦✇✐♥❣ *%❡♣*✿ ❋✐(*%✱ %❤❡ ❛✉%❤♦( *❡% ✉♥ ✉♣♣❡( ❜♦✉♥❞
❢♦( %❤❡ ❝♦♥*%❛♥% α✱ α ∈ [0, αmax]✳ ◆❡①%✱ J *✉❜*❛♠♣❧❡* ♦❢ *✐③❡ (nj , Tj) ❛(❡
❝♦♥*✐❞❡(❡❞✱ ✇✐%❤ j = 0, . . . , J ✱ 0 < n1 < . . . < nJ = n ❛♥❞ 0 ≤ T1 ≤ . . . < TJ =
T ✳ ❋♦( ❡❛❝❤ j✱ %❤❡ ♥✉♠❜❡( ♦❢ %❤❡ ❢❛❝%♦(*✱ ❞❡♥♦%❡❞ ❜② kˆ
Tj
α,nj ✱ ✐* ❝♦♠♣✉%❡❞✳ ■❢
%❤❡(❡ ❡①✐*%* ❛♥ ✐♥%❡(✈❛❧ [α, α¯] ♦❢ α ✇❤✐❝❤ ❤❛* ❛ *%❛❜❧❡ ❜❡❤❛✈✐♦(✱ ✐✳❡✳✱ %❤❡ ♥✉♠❜❡(
♦❢ ❢❛❝%♦(* kˆ
Tj
α,nj ✐* ❝♦♥*%❛♥% ❛❝(♦** *✉❜*❛♠♣❧❡* ♦❢ ❞✐✛❡(❡♥% *✐③❡*✱ %❤✐* ♠❡❛♥* %❤❛%
%❤❡ ❝❤♦✐❝❡ ♦❢ α ❤❛* ♥♦% ❜❡❡♥ ❛✛❡❝%❡❞ ❜② %❤❡ *✐③❡ ♦❢ %❤❡ *❛♠♣❧❡✳ ❚❤✐* ♥✉♠❜❡(
kˆ
Tj
α,nj ✐* %❤❡♥ %❤❡ ❡*%✐♠❛%❡❞ ♥✉♠❜❡( ♦❢ ❢❛❝%♦(*✳
❋♦❧❧♦✇✐♥❣ %❤❡ ♥♦%❛%✐♦♥ ✐♥ ❍❛❧❧✐♥ ❛♥❞ ▲✐*❦❛ ✭✷✵✵✼✮✱ %❤❡ *%❛❜✐❧✐%② ✐* ♠❡❛*✉(❡❞
❜② %❤❡ ❡♠♣✐(✐❝❛❧ ✈❛(✐❛♥❝❡ ♦❢ kˆ
Tj
α,nj ✿
Sα =
1
J
J∑
j=1
kˆTjα,nj − 1J
J∑
j=1
kˆTjα,nj

✭✾✮
❚❤✐* ♣(♦❝❡❞✉(❡ ✐* %❡(♠❡❞ %✉♥✐♥❣✲*%❛❜✐❧✐%② ❝❤❡❝❦✉♣ ♣(♦❝❡❞✉(❡ ✐♥ ❆❤♥ ❛♥❞
❍♦(❡♥*%❡✐♥ ✭✷✵✶✸✮✳ ❚❤❡ ❡*%✐♠❛%♦( ❤❛* %❤❡ *❛♠❡ ❛*②♠♣%♦%✐❝ ♣(♦♣❡(%✐❡* ❛* %❤❡
♦(✐❣✐♥❛❧ ❝(✐%❡(✐❛✱ ✇❤✐❧❡ ✐% ❝♦♥✈❡②* ❛ ♠♦(❡ (♦❜✉*% ❡*%✐♠❛%✐♦♥ ♦❢ %❤❡ ♥✉♠❜❡( ♦❢
❢❛❝%♦(* %❤❛♥ ✐% ✇♦✉❧❞ ✇❡(❡ %❤❡ ♣❡♥❛❧%② ✜①❡❞✳
✸✳✶✳✷ ❊#%✐♠❛%✐♦♥ ♦❢ ❞②♥❛♠✐❝ ❢❛❝%♦6#
❙%♦❝❦ ❛♥❞ ❲❛%#♦♥ ✭✷✵✵✺✮ ❛♥❞ ❆♠❡♥❣✉❛❧ ❛♥❞ ❲❛%#♦♥ ✭✷✵✵✼✮ ❚♦
❡*%✐♠❛%❡ %❤❡ ♥✉♠❜❡( ♦❢ ❞②♥❛♠✐❝ ❢❛❝%♦(* ✐♥ ❛ (❡*%(✐❝%❡❞ ❞②♥❛♠✐❝ ♠♦❞❡❧✱ ❙%♦❝❦
❛♥❞ ❲❛%*♦♥ ✭✷✵✵✺✮ ♣(♦♣♦*❡ ❛ ♠♦❞✐✜❝❛%✐♦♥ ♦❢ ❇❛✐ ❛♥❞ ◆❣✬* ✭✷✵✵✷✮ ❡*%✐♠❛%♦(✳
❚❤❡ ♣(♦♦❢ ♦❢ %❤❡ ❝♦♥*✐*%❡♥❝② ♣(♦♣❡(%✐❡* ♦❢ %❤❡ ❡*%✐♠❛%♦( ✐* ❣✐✈❡♥ ❜② ❆♠❡♥❣✉❛❧
❛♥❞ ❲❛%*♦♥ ✭✷✵✵✼✮✳ ❚❤❡ ♠♦❞✐✜❝❛%✐♦♥ ✐* *%(❛✐❣❤%❢♦(✇❛(❞✳ T(❡❝✐*❡❧②✱ %❤❡② ❛**✉♠❡
✹
❆♥♦#❤❡& ❝&✐#❡&✐♦♥ ♣&♦♣♦*❡❞ ❜② ❆❧❡**✐ ❡# ❛❧✳ ✭✷✵✶✵✮ ✐* ❜❛*❡❞ ♦♥ ICp2(k) ♦❢ ❇❛✐ ❛♥❞ ◆❣
✭✷✵✵✷✮✱ ❢♦& #❤❡ &❡❛*♦♥ ❣✐✈❡♥ ✐♥ ❢♦♦#♥♦#❡ ✸✱ ✐# ✐* ♥♦# &❡♣♦&#❡❞ ❤❡&❡✳
✽
 ❤❛ Ft ✐$ ❛ ❱❆❘✭♣✮ ♣+♦❝❡$$✱ ✐✳❡✳ ✭✷✮ ❜❡❝♦♠❡$ Φ(L)Ft = υt✱ ✇✐ ❤ Φ(L) =
I−A1L−· · ·−ApLp✱ ❛♥❞  ❤❡ ✐♥♥♦✈❛ ✐♦♥$ ❝❛♥ ❜❡ +❡♣+❡$❡♥ ❡❞ ❛$ υt = Gηt✱✇❤❡+❡
● ✐$ r× q ❞✐♠❡♥$✐♦♥❛❧ ❢✉❧❧ ❝♦❧✉♠♥ +❛♥❦ ♠❛ +✐① ❛♥❞ ηt ✐$ ✐✳✐✳❞✳ $❤♦❝❦$✳ ■ ❢♦❧❧♦✇$
 ❤❛  ❤❡ ♥✉♠❜❡+ ♦❢ ❝♦♠♠♦♥ $❤♦❝❦$ ✐$ ✐❞❡♥ ✐❝❛❧  ♦  ❤❡ ♥✉♠❜❡+ ♦❢ ❞②♥❛♠✐❝ ❢❛❝ ♦+$
q✳ ❚♦ ❡$ ✐♠❛ ❡ q✱ ❛  ✇♦✲$ ❡♣ ♣+♦❝❡❞✉+❡ ✐$ ♣+♦♣♦$❡❞✳ ■♥  ❤❡ ✜+$ $ ❡♣✱  ❤❡ $ ❛ ✐❝
❢❛❝ ♦+$ ❛+❡ ❡$ ✐♠❛ ❡❞ ❢+♦♠ xt ✉$✐♥❣  ❤❡ ❆D❈❆ ❡$ ✐♠❛ ♦+ ❛♥❞  ❤❡ ♥✉♠❜❡+ ♦❢
$ ❛ ✐❝ ❢❛❝ ♦+$ ✐$ ❞❡ ❡+♠✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❇❛✐ ❛♥❞ ◆❣✬$ ✭✷✵✵✷✮ ✐♥❢♦+♠❛ ✐♦♥ ❝+✐ ❡+✐❛✳
■♥  ❤❡ $❡❝♦♥❞ $ ❡♣✱  ❤❡ ♥✉♠❜❡+ ♦❢ ❞②♥❛♠✐❝ ❢❛❝ ♦+$ ✐$ ❡$ ✐♠❛ ❡❞ ❜② ❛♣♣❧②✐♥❣
❛❣❛✐♥ ❇❛✐ ❛♥❞ ◆❣✬$ ✭✷✵✵✷✮ ✐♥❢♦+♠❛ ✐♦♥ ❝+✐ ❡+✐❛  ♦  ❤❡ $❛♠♣❧❡ ❝♦✈❛+✐❛♥❝❡ ♠❛ +✐①
♦❢ ❡$ ✐♠❛ ❡❞ ✐♥♥♦✈❛ ✐♦♥$✱ ✇❤✐❝❤ ✐$ ♦❜ ❛✐♥❡❞ ❛$  ❤❡ +❡$✐❞✉❛❧ ♦❢ ❛ +❡❣+❡$$✐♦♥ ♦❢ xt
♦♥ ❧❛❣$ ♦❢ xt ❛♥❞ Fˆt✳
✸✳✷ ❆♣♣❧✐❝❛)✐♦♥ ♦❢ )❤❡♦/② ♦❢ /❛♥❞♦♠ ♠❛)/✐① ❛♥❞ ❡✐❣❡♥✲
✈❛❧✉❡ ♣/♦♣❡/)✐❡8
❚❤❡ $❡❝♦♥❞  ②♣❡ ♦❢ $❡❧❡❝ ✐♦♥ +✉❧❡$ ✐$ ❜❛$❡❞ ♦♥ $♦♠❡ +❡$✉❧ $ ❞❡✈❡❧♦♣❡❞ ❛❝❝♦+❞✐♥❣
 ♦  ❤❡  ❤❡♦+② ♦❢ +❛♥❞♦♠ ♠❛ +✐① ❛♥❞ ❡$♣❡❝✐❛❧❧②  ❤❡ ❡✐❣❡♥✈❛❧✉❡$✬ ♣+♦♣❡+ ✐❡$✳ ❚❤❡
❜❛$✐❝ ✐❞❡❛ ✐$  ❤❛ ✐❢  ❤❡ ✈❛+✐❛❜❧❡$ ❛❞♠✐ ❛♥ r ❢❛❝ ♦+ $ +✉❝ ✉+❡✱  ❤❡ + ❧❛+❣❡$ ❡✐❣❡♥✲
✈❛❧✉❡$ ✐♥  ❤❡ $❛♠♣❧❡ ❝♦✈❛+✐❛♥❝❡ ♠❛ +✐① $❤♦✉❧❞ ❡①♣❧♦❞❡✱ ✇❤✐❧❡  ❤❡ +❡$ $❤♦✉❧❞
 ❡♥❞  ♦ ✵✳ ❚❤✉$✱  ❤❡ ♥✉♠❜❡+ ♦❢ ❡✐❣❡♥✈❛❧✉❡$ ❞✐✈❡+❣✐♥❣ ❛$ N ✱ T ❞✐✈❡+❣❡ ✐$ ❡J✉❛❧
 ♦  ❤❡ ♥✉♠❜❡+ ♦❢ ❢❛❝ ♦+$✳ ❚❤❡ ✜+$ ❡①♣❧♦+❛ ✐♦♥ ♦❢ ♣+♦♣❡+ ✐❡$ ♦❢ ❡✐❣❡♥✈❛❧✉❡$ ❣♦❡$
❜❛❝❦  ♦  ❤❡ ❙❝+❡❡  ❡$ ✐♥ +♦❞✉❝❡❞ ❜② ❈❛  ❡❧❧ ✭✶✾✻✻✮ ✐♥ ♣$②❝❤♦❧♦❣②✳ ❈❛  ❡❧❧ ✭✶✾✻✻✮
$ ❛ ❡$  ❤❛ ✐❢ ♦♥❡ ♣❧♦ $  ❤❡ ❞❡❝+❡❛$✐♥❣ ❡✐❣❡♥✈❛❧✉❡$ ✐♥  ❤❡ $❛♠♣❧❡ ❝♦✈❛+✐❛♥❝❡ ♠❛✲
 +✐① ♦❢  ❤❡ ❞❛ ❛ ❛❣❛✐♥$  ❤❡✐+ +❡$♣❡❝ ✐✈❡ ♦+❞❡+ ♥✉♠❜❡+$✱  ❤❡ ♣❧♦ $❤♦✇$ ❛ $❤❛+♣
❜+❡❛❦ ✇❤❡♥  ❤❡  +✉❡ ♥✉♠❜❡+ ♦❢ ❢❛❝ ♦+$ ❡♥❞$✱ ✇❤✐❝❤ ✐$  ❤❡ $♦✲❝❛❧❧❡❞ ✏$❝+❡❡✑ ❝♦+✲
+❡$♣♦♥❞✐♥❣  ♦  ❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ✐❞✐♦$②♥❝+❛ ✐❝ ❡✛❡❝ $✳ ❍♦✇❡✈❡+✱  ❤❡ ❙❝+❡❡  ❡$ 
+❡♠❛✐♥$ ❛ ✈✐$✉❛❧ ✐♥$♣❡❝ ✐♦♥✳ ❆♥♦ ❤❡+ ❤❡✉+✐$ ✐❝ ❡②❡✲✐♥$♣❡❝ ✐♦♥ +✉❧❡ ❜❛$❡❞ ♦♥  ❤❡
+❡❧❛ ✐✈❡ $✐③❡ ♦❢  ❤❡ ❡✐❣❡♥✈❛❧✉❡$ ✐$ ♣+♦♣♦$❡❞ ❜② ❋♦+♥✐ ❡ ❛❧✳ ✭✷✵✵✵✮ ✐♥ ❢+❡J✉❡♥❝②
❞♦♠❛✐♥✳ ▼♦+❡ ❢♦+♠❛❧  ❡$ $ ✇❡+❡ ❞❡✈❡❧♦♣❡❞ ❜② ❖♥❛ $❦✐ ✭✷✵✵✾✱ ✷✵✶✵✮✳
✸✳✷✳✶ ❊%&✐♠❛&✐♦♥ ♦❢ %&❛&✐❝ ❢❛❝&♦.%
❖♥❛&%❦✐ ✭✷✵✵✾❛✮ ❖♥❛ $❦✐ ✭✷✵✵✾✮ ❞❡✈❡❧♦♣$ ❛ $❡J✉❡♥ ✐❛❧ ♣+♦❝❡❞✉+❡ ❜② ❛♣♣❧②✐♥❣
 ❤❡ ❛$②♠♣ ♦ ✐❝ ❞✐$ +✐❜✉ ✐♦♥ ♦❢  ❤❡ ❡✐❣❡♥✈❛❧✉❡$✱ ♥❛♠❡❧②✱ ❛ ❢❡✇ $❝❛❧❡❞ ❛♥❞ ❝❡♥ ❡+❡❞
❧❛+❣❡$ ❡✐❣❡♥✈❛❧✉❡$ ♦❢  ❤❡ ❝♦✈❛+✐❛♥❝❡ ♠❛ +✐① ♦❢ ❛ ♣❛+ ✐❝✉❧❛+ ❍❡+♠✐ ✐❛♥ +❛♥❞♦♠
♠❛ +✐①✱ ✇❤✐❝❤ ❛$②♠♣ ♦ ✐❝❛❧❧② ❞✐$ +✐❜✉ ❡ ❛$ ❛ ❚+❛❝②✲❲✐❞♦♠ ♦❢  ②♣❡ ✷ ✭TW2✱
❚+❛❝② ❛♥❞ ❲✐❞♦♠ ✭✶✾✾✹✮✮ ❛$ ❚ ❣+♦✇$ ♥♦ ✐❝❡❛❜❧② ❢❛$ ❡+  ❤❛♥ ♥
✺
✳ ▼♦+❡♦✈❡+✱
❖♥❛ $❦✐ ✭✷✵✵✾✮ ❝♦♥$ +✉❝ $ ❛ $ ❛ ✐$ ✐❝ ❜②  ❛❦✐♥❣  ❤❡ +❛ ✐♦ ♦❢  ❤❡ ❞✐✛❡+❡♥❝❡ ✐♥
❛❞❥❛❝❡♥ ❡✐❣❡♥✈❛❧✉❡$✱ ✇❤✐❝❤ ❣❡ $ +✐❞ ♦❢ ❜♦ ❤  ❤❡ ❝❡♥ ❡+✐♥❣ ❛♥❞ $❝❛❧✐♥❣ ♣❛+❛♠❡ ❡+$
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❝♦♠♣✉'❡ '❤❡ ❞✐)❝9❡'❡ ❋♦✉9✐❡9
'9❛♥)❢♦9♠❛'✐♦♥ Xˆj =
∑T
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RO09 ≡ maxk0<i<ki
µi − µi+1
µi+1 − µi+2 ✭✶✵✮
❯♥❞❡9 '❤❡ ♥✉❧❧✱ )'❛'✐)'✐❝ RO09 ❝♦♥✈❡9❣❡) ✐♥ '❤❡ ❞✐)'9✐❜✉'✐♦♥ '♦ maxk0<i<ki
λi−λi+1
λi+1−λi+2 ✱
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❆❤♥ ❛♥❞ ❍♦'❡♥)*❡✐♥ ✭✷✵✶✸❛✮ ❙✐♠✐❧❛& ,♦ ❖♥❛,(❦✐ ✭✷✵✶✵✮✱ ❛((✉♠♣,✐♦♥(
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♣♦(✐,✐✈❡ (❡♠✐✲❞❡✜♥✐,❡ ♠❛,&✐❝❡(✱ ❛♥❞ ε ✐( ❛♥ T × n ♠❛,&✐① ✇✐,❤ ✐✳✐✳❞✳ ❡♥,&✐❡(✳
❚❤✉(✱ ❜♦,❤ ❝&♦((✲(❡❝,✐♦♥❛❧ ❛♥❞ ,❡♠♣♦&❛❧ ❝♦&&❡❧❛,✐♦♥ ♦❢ ,❤❡ ✐❞✐♦(②♥❝&❛,✐❝ ❝♦♠♣♦✲
♥❡♥,( ❛&❡ ❛❧❧♦✇❡❞✳ ❋✉&,❤❡&♠♦&❡✱ ,❤❡ (♠❛❧❧❡(, ❡✐❣❡♥✈❛❧✉❡ ♦❢ RT ✐( ❜♦✉♥❞❡❞ ❜❡❧♦✇
❜② ❛ ♣♦(✐,✐✈❡ ♥✉♠❜❡&✳ ❚❤❛, ✐( ,♦ (❛②✱ ♥♦♥❡ ♦❢ eit ❛♥❞ ,❤❡✐& ❧✐♥❡❛& ❢✉♥❝,✐♦♥( ❝❛♥
❜❡ ♣❡&❢❡❝,❧② ♣&❡❞✐❝,❡❞ ❜② ,❤❡✐& ♣❛(, ✈❛❧✉❡(✳ ❚❤❡ (♠❛❧❧❡(, ❡✐❣❡♥✈❛❧✉❡ ♦❢ Gn ✐(
❛❧❧♦✇❡❞ ,♦ ❜❡ ③❡&♦✱ ❛( ❧♦♥❣ ❛( ❛♥ ❛(②♠♣,♦,✐❝❛❧❧② ♥♦ ♥❡❣❧✐❣✐❜❧❡ ♥✉♠❜❡& ♦❢ ❡✐❣❡♥✲
✈❛❧✉❡ ♦❢ Gn ❛&❡ ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② ❛ ♣♦(✐,✐✈❡ ♥✉♠❜❡&✳ ❚❤❡(❡ ❛((✉♠♣,✐♦♥( ❛&❡
(✉✐,❛❜❧❡ ❢♦& ♠❛❝&♦❡❝♦♥♦♠✐❝ ❛♥❞ ✜♥❛♥❝✐❛❧ ❞❛,❛✱ ✇❤❡&❡ ,❤❡ ✈❛&✐❛❜❧❡( ❛&❡ ❤✐❣❤❧②
✭♣❡&❤❛♣( ♣❡&❢❡❝,❧②✮ ❝♦&&❡❧❛,❡❞✱ ,❤✉( ,❤❡ (♠❛❧❧❡(, ♦❢ ❡✐❣❡♥✈❛❧✉❡ ♦❢ GNn ❝♦✉❧❞ ❜❡
③❡&♦✳
❚❤❡ (,❛,✐(,✐❝ ♣&♦♣♦(❡❞ ❜② ❆❤♥ ❛♥❞ ❍♦&❡♥(,❡✐♥ ✭✷✵✶✸✮✱ ✏❊✐❣❡♥✈❛❧✉❡ ❘❛,✐♦✑
✭❊❘✮ ❡(,✐♠❛,♦&✱ ✐( ♦❜,❛✐♥❡❞ (✐♠♣❧② ❜② ♠❛①✐♠✐③✐♥❣ ,❤❡ &❛,✐♦ ♦❢ ,❤❡ ,✇♦ ❛❞❥❛❝❡♥,
❡✐❣❡♥✈❛❧✉❡( ❛&&❛♥❣❡❞ ✐♥ ❞❡(❝❡♥❞✐♥❣ ♦&❞❡&✿
ERAH(k) ≡ µ˜kµ˜k+1 ✱ k = 1, 2, . . . , kmax
❚❤❡ ✐❞❡❛ ✐' (❤❡ )❛(✐♦ ♦❢ (❤❡ r − th ❛♥❞ r + 1− th ❡✐❣❡♥✈❛❧✉❡' ♦❢ (XX ′/Tn)
❞✐✈❡)❣❡' (♦ ✐♥✜♥✐(②✱ ✇❤✐❧❡ ❛❧❧ ♦(❤❡) )❛(✐♦' ❛)❡ ❛'②♠♣(♦(✐❝❛❧❧② ❜♦✉♥❞❡❞✳ ❚❤❡
❡'(✐♠❛(♦)' ♦❢ ) ✐' (❤❡ '♦❧✉(✐♦♥ (♦ (❤❡ ♣)♦❜❧❡♠ ♦❢ ♠❛①✐♠✐③❛(✐♦♥ ♦❢ ER(k)✿ k =
max1≤k≤rmaxER(k)✳
✸✳✷✳✷ ❊$%✐♠❛%✐♦♥ ♦❢ ❞②♥❛♠✐❝ ❢❛❝%♦/$
❖♥❛%$❦✐ ✭✷✵✵✾❜✮ ❚❤❡ ❡'(✐♠❛(✐♦♥ ♣)♦❝❡❞✉)❡ ❢♦) '(❛(✐❝ ❢❛❝(♦) ♥✉♠❜❡) ♦❢
✾
❚❤❡ ❖▲❙ &❡❣&❡((✐♦♥ ✐( ❥✉(.✐✜❡❞ ❜② .❤❡ ❢❛❝. .❤❛. Fκ,A,B ❝❛♥ ❜❡ ❛♣♣&♦①✐♠❛.❡❞ ❜② 1−a((u−
x)+)3/2 ❢♦& (♦♠❡ ♣♦(✐.✐✈❡ ❛ ✐♥ .❤❡ ♥❡✐❣❤❜♦&❤♦♦❞ ♦❢ ✉✱ (u − x)+ (.❛♥❞( ❢♦& .❤❡ ♣♦(✐.✐✈❡ ♣❛&.
♦❢ ✉✲①✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ✜✈❡ &❡❣&❡((♦&( ✐( (✉❣❣❡(.❡❞ ❜② .❤❡ ▼♦♥.❡ ❈❛&❧♦ (✐♠✉❧❛.✐♦♥( &❡(✉❧.( ✐♥
❖♥❛.(❦✐ ✭✷✵✶✵✮✳ ❙❡❡ ❖♥❛.(❦✐ ✭✷✵✶✵✮ ❢♦& ♠♦&❡ ❞❡.❛✐❧( ♦❢ .❤❡ ❝❛❧✐❜&❛.✐♦♥ ♦❢ δ✳
✶✶
❖♥❛#$❦✐ ✭✷✵✵✾✮✱ R ≡ maxk0<i<ki µi−µi+1µi+1−µi+2 ✭❝❢ $❡❝#✐♦♥ ✸✳✶✳✷✮ ✐$ ❛❧$♦ ❛♣♣❧✐❝❛✲
❜❧❡ #♦ #❤❡ ♥✉♠❜❡; ♦❢ ❞②♥❛♠✐❝ ❢❛❝#♦;$✳ ■♥ #❤✐$ ❝❛$❡✱ µi ✐♥ #❤❡ $#❡♣ ✷ ♦❢ #❤✐$
♣;♦❝❡❞✉;❡ ✐$ #❤❡ i✲#❤ ❧❛;❣❡$# ❡✐❣❡♥✈❛❧✉❡ ♦❢ #❤❡ $♠♦♦#❤❡❞ ♣❡;✐♦❞♦❣;❛♠ ❡$#✐♠❛#❡
1
2πm
∑m
j=1 XˆjXˆ
′
j ♦❢ #❤❡ $♣❡❝#;❛❧ ❞❡♥$✐#② ♦❢ #❤❡ ❞❛#❛ ❛# ❢;❡A✉❡♥❝② ω0✳ ❚❤❡ ;❡$#
♦❢ #❤❡ ♣;♦❝❡❞✉;❡ ✐$ ✐❞❡♥#✐❝❛❧✳
✸✳✸ ■♥❢♦&♠❛)✐♦♥ ❝&✐)❡&✐❛ ❜❛.❡❞ ♦♥ ♣&♦♣❡&)✐❡. ♦❢ ❡✐❣❡♥✈❛❧✉❡.
❇❡❢♦;❡ ✐♥#;♦❞✉❝✐♥❣ ❍❛❧❧✐♥ ❛♥❞ ▲✐$❦❛ ✭✷✵✵✼✮✱ ❛ ❜;✐❡❢ ❞✐$❝✉$$✐♦♥ ❛❜♦✉# #❤❡ ;❡✲
❧❛#✐♦♥ ❜❡#✇❡❡♥ #❤❡ ✐♥❢♦;♠❛#✐♦♥ ❝;✐#❡;✐❛ ❛♥❞ ❡✐❣❡♥✈❛❧✉❡ ✐$ ♥❡❡❞❡❞✳ ■♥ #❤❡ ✐♥✲
❢♦;♠❛#✐♦♥ ❝;✐#❡;✐❛✱ #❤❡ H❈❆ ❡$#✐♠❛#♦; ❝❛♥ ❜❡ ❝♦♥$✐❞❡;❡❞ ❛$ ❛ $♦❧✉#✐♦♥ #♦ #❤❡
♣;♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③❛#✐♦♥ ♦❢ V (k)✳ ❲❤✐❧❡ ;❡❣;❡$$✐♦♥ ♦❢ Xit ♦♥ #❤❡ ✜;$# ❦ ♣;✐♥❝✐♣❛❧
❝♦♠♣♦♥❡♥#$ ✐$ ❜❛$❡❞ ♦♥ #❤❡ ❡✐❣❡♥✈❛❧✉❡✳ ❚❤✉$✱ #❤❡ ✐♥❢♦;♠❛#✐♦♥ ❝;✐#❡;✐❛ ❡$#✐♠❛✲
#♦; ❛♥❞ ❡✐❣❡♥✈❛❧✉❡ ❡$#✐♠❛#♦; ❛;❡ #✐❣❤#❧② ;❡❧❛#❡❞✳ ❆$ ♣♦✐♥#❡❞ ♦✉# ❜② ❖♥❛#$❦✐
✭✷✵✶✵✮✱ V (k) ❛♥❞ σˆ2 ✐♥ ✭✻✮ ❛;❡ ;❡$♣❡❝#✐✈❡❧② ❡A✉❛❧ #♦ (nT )−1
∑n
j=k+1 µj ❛♥❞
(nT )−1
∑n
j=rmax+1 µj ✱ ✇❤✐❝❤ ♠❡❛♥$ #❤❡ ✐♥❢♦;♠❛#✐♦♥ ❝;✐#❡;✐❛ ❛;❡ ❛❧$♦ ❜❛$❡❞ ♦♥
#❤❡ ❡♠♣✐;✐❝❛❧ ❞✐$#;✐❜✉#✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡$✳
❍❛❧❧✐♥ ❛♥❞ ▲✐'❦❛ ✭✷✵✵✼✮ ❍❛❧❧✐♥ ❛♥❞ ▲✐$❦❛ ✭✷✵✵✼✮ ❞❡✈❡❧♦♣ ✐♥❢♦;♠❛#✐♦♥ ❝;✐#❡✲
;✐❛ ✐♥ ❢;❡A✉❡♥❝② ❞♦♠❛✐♥ #♦ ❡$#✐♠❛#❡ #❤❡ ♥✉♠❜❡; ♦❢ ❞②♥❛♠✐❝ ❢❛❝#♦;$✳ ❚❤❡ ❜❛$✐❝
✐❞❡❛ ✐$ $✐♠✐❧❛; #♦ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮✳ ❉✉❡ #♦ #❤❡ ❝♦♠♣❧❡①✐#② ♦❢ #❤❡ $♣❡❝#;❛❧ #❡❝❤✲
♥✐A✉❡✱ ;❛#❤❡; #❤❛♥ ✉$✐♥❣ #❤❡ ❡①♣❡❝#❡❞ ♠❡❛♥ ♦❢ $A✉❛;❡❞ ;❡$✐❞✉❛❧$ ❛$ ✐♥ ✭✺✮✱ ❍❛❧❧✐♥
❛♥❞ ▲✐$❦❛ ✭✷✵✵✼✮ ❡♠♣❧♦② #❤❡ ❛✈❡;❛❣❡ ❝♦♥#;✐❜✉#✐♦♥ ♦❢ #❤❡ ❜♦✉♥❞❡❞ ❡✐❣❡♥✈❛❧✉❡ ♦❢
#❤❡ $♣❡❝#;❛❧ ❞❡♥$✐#② ♠❛#;✐①✳ ❲✐#❤ #❤❡ ❛$$✉♠♣#✐♦♥ #❤❛# #❤❡ ❞✐✈❡;❣❡♥❝❡ ;❛#❡ ♦❢
#❤❡ $♠❛❧❧❡$# ❞✐✈❡;❣✐♥❣ ❡✐❣❡♥✈❛❧✉❡ ✐$ n✱ #❤❡ ✐♥❢♦;♠❛#✐♦♥ ❝;✐#❡;✐♦♥ ✐$ ♦❢ ❢♦❧❧♦✇✐♥❣
❢♦;♠✿
ICHLn (k) =
1
n
n∑
i=k+1
ˆ π
−π
µni(θ)dθ + αkp(n) ✭✶✷✮
✇❤❡;❡ µni(θ) ✐$ #❤❡ ✐✲#❤ ❡✐❣❡♥✈❛❧✉❡ ✱
∑
n(θ)✳ ❆$ ✐♥ ❆❧❡$$✐ ❡# ❛❧✳ ✭✷✵✵✽✮✱ α✱
✇❤✐❝❤ ✐$ ❛♥ ❛;❜✐#;❛;② ♣♦$✐#✐✈❡ ;❡❛❧ ♥✉♠❜❡;✱ ✐$ #❤❡ #✉♥✐♥❣ ♣❛;❛♠❡#❡;✳
❋♦; ❛ ✜♥✐#❡ $❛♠♣❧❡✱ ❧❛❣ ✇✐♥❞♦✇ ❡$#✐♠❛#✐♦♥ ♠❡#❤♦❞ ✐$ $✉❣❣❡$#❡❞ ❜② ❍❛❧❧✐♥
❛♥❞ ▲✐$❦❛ ✭✷✵✵✼✮ ❛♥❞ #❤❡ ✐♥❢♦;♠❛#✐♦♥ ❝;✐#❡;✐❛ ❛;❡✿
ICT,HL1;n (k) =
1
n
n∑
i=k+1
1
2MT + 1
MT∑
l=−MT
µTni(θl) + αkp(n, T ) ✭✶✸✮
ICT,HL2;n (k) = log
[
1
n
n∑
i=k+1
1
2MT + 1
MT∑
l=−MT
µTni(θl)
]
+ αkp(n, T ) ✭✶✹✮
✶✷
✇✐"❤ θl :=
πl
MT+1/2
❢♦& l = −MT , . . . ,MT ✱ MT > 0 ❛ "&✉♥❝❛"✐♦♥ ♣❛&❛♠✲
❡"❡&✱ 0 ≤ k ≤ qmax✳ qmax ✐1 ❛ ♣&❡❞❡"❡&♠✐♥❡❞ ✉♣♣❡& ❜♦✉♥❞✳ µTni(θl) ❛&❡
"❤❡ ❡✐❣❡♥✈❛❧✉❡1 ♦❢ "❤❡ ❧❛❣ ✇✐♥❞♦✇ ❡1"✐♠❛"♦& ♦❢ 1❛♠♣❧❡ 1♣❡❝"&❛❧ ❞❡♥1✐"② ♠❛✲
"&✐①✳ ❚❤❡ ♣❡♥❛❧"② ❢✉♥❝"✐♦♥ 1❛"✐1✜❡1 "✇♦ ❝♦♥❞✐"✐♦♥1 ✭✐✮ p(n, T ) → 0 ❛♥❞ ✭✐✐✮
min
[
n,M2T ,M
−1/2
T T
1/2
]
· p(T, n) → ∞ ✇❤❡♥ n, T → ∞ ✭1❡❡ ♣&♦♣♦1✐"✐♦♥ ✷ ♦❢
❍❛❧❧✐♥ ❛♥❞ ▲✐1❦❛ ✭✷✵✵✼✮✮✳ ❚❤&❡❡ ❢♦&♠1 ♦❢ ♣❡♥❛❧"② ❛&❡ ♣&♦♣♦1❡❞ ✐♥ ❍❛❧❧✐♥ ❛♥❞
▲✐1❦❛ ✭✷✵✵✼✮✿
p1(n, T ) = (M
2
T +M
−1/2
T T
1/2 + n−1)log
(
min
[
n,M2T ,M
−1/2
T T
1/2
])
✭✶✺✮
p2(n, T ) =
(
min
[
n,M2T ,M
−1/2
T T
1/2
])−1/2
✭✶✻✮
p3(n, T ) =
(
min
[
n,M2T ,M
−1/2
T T
1/2
])−1
log
(
min
[
n,M2T ,M
−1/2
T T
1/2
])
✭✶✼✮
❚❤❡ ❝❛❧✐❜&❛"✐♦♥ ♦❢ α ✐1 "❤❡ 1❛♠❡ ❛1 ❞❡1❝&✐❜❡❞ ❢♦& "❤❡ ❝&✐"❡&✐❛ ♦❢ ❆❧❡11✐ ❡" ❛❧✳
✭✷✵✵✽✮ ✭❝❢ 1❡❝"✐♦♥ ✸✳✶✳✶✳■■✮✳
❆❤♥ ❛♥❞ ❍♦'❡♥)*❡✐♥ ✭✷✵✶✸❜✮ ❆❤♥ ❛♥❞ ❍♦&❡♥1"❡✐♥ ✭✷✵✶✸✮ ♣&♦♣♦1❡❞ ❛♥✲
♦"❤❡& &❡❧❛"❡❞ 1"❛"✐1"✐❝1✿ ✏●&♦✇"❤ ❘❛"✐♦✑ ✭●❘✮ ❡1"✐♠❛"♦&✱ ✇❤✐❝❤ ✐1 "❤❡ &❛"✐♦ ♦❢
❣&♦✇"❤ &❛"❡1 ♦❢ &❡1✐❞✉❛❧ ✈❛&✐❛♥❝❡1 ❛1 ♦♥❡ ❢❡✇❡& ♣&✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥" ✐1 ✉1❡❞ ✐♥
"❤❡ "✐♠❡ 1❡&✐❡1 &❡❣&❡11✐♦♥1✿
GRAH(k) ≡ ln [V (k − 1)/V (k)]
ln [V (k)/V (k + 1)]
✭✶✽✮
✇❤❡&❡ V (k)❂
∑m
j=k+1 µ˜NT,j ✱ ❛♥❞ k = argmax1≤k≤rmaxGR(k)
✸✳✹ ❙✐♥❣✉❧❛* ✈❛❧✉❡
❖**❡'✱ ❏❛❝♦❜) ❛♥❞ ❞❡♥ ❘❡✐❥❡' ✭✷✵✶✶✮ ❖""❡& ❡" ❛❧✳ ✭✷✵✶✶✮ ♣&♦♣♦1❡ ❛♥ ❛❧✲
"❡&♥❛"✐✈❡ ❝&✐"❡&✐♦♥ ❜❛1❡❞ ♦♥ 1✐♥❣✉❧❛& ✈❛❧✉❡1 ✐♥1"❡❛❞ ♦❢ ❢&❡Q✉❡♥❝② ❞♦♠❛✐♥ ❡✐❣❡♥✲
✈❛❧✉❡1✳ ❋✉&"❤❡&♠♦&❡✱ ❞✐✛❡&❡♥" ❢&♦♠ ♦"❤❡& 1"✉❞✐❡1✱ ♥♦ ❡①♣❧✐❝✐" ❢❛❝"♦& ♠♦❞❡❧ ✐1
❛11✉♠❡❞✳ ■♥1"❡❛❞✱ "❤❡② ❛&❡ ✐♥"❡&❡1"❡❞ ✐♥ "❤❡ 1✐♠♣❧❡ ❢❛❝" "❤❛" ✐❢ ❛ ❢❛❝"♦& 1"&✉❝✲
"✉&❡ ✐1 ❛♣♣&♦♣&✐❛"❡✳ ■♥ ♣❛&"✐❝✉❧❛&✱ ❛♣♣❧②✐♥❣ "❤❡ 1✐♥❣✉❧❛& ✈❛❧✉❡ ❞❡❝♦♠♣♦1✐"✐♦♥
"♦ n × T 1"❛"✐♦♥❛&② ♥♦&♠❛❧✐③❡❞ &❛♥❞♦♠ ♠❛"&✐① X ✭✇✐"❤ ❝♦✈❛&✐❛♥❝❡ ♠❛"&✐①∑
x✱ tr(
∑
x) =
√
nT ✮✱ ♦♥❡ ❤❛1 X = USC ′✱ ✇✐"❤ S = diag(σ1, σ2, · · · , σm) ✱
σ1 > σ2 · · · > σm✳
✶✸
E
(
‖X‖2
)
= tr(X ′X) =
k∑
j=1
σ2j
X ❤❛" #❤❡ ❢❛❝#♦( "#(✉❝#✉(❡ ✐❢ #❤❡(❡ ❡①✐"#" ❛ r < min(n, T ) "✉❝❤ #❤❛# ❢♦( j ≤ r✱
σ2j = O(
√
nT ) ❛♥❞ ❢♦( j > r✱ σ2j = o(
√
nT )✳
❚❤❡♥✱ ❢♦( #❤❡ ❡"#✐♠❛#❡❞ ❝♦✈❛(✐❛♥❝❡ ♠❛#(✐①✱
E
(∥∥∥∥ X√nT
∥∥∥∥2
)
= tr(C
S√
nT
U ′U
S√
nT
C ′) =
k∑
j=1
σ2j
nT
= 1
❚❤❡ "✐♥❣✉❧❛( ✈❛❧✉❡" ♦❢
X√
nT
✐" #❤✉"
σ2j
nT ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡♥♦#❡❞ ❜② sj ✳
❋✉(#❤❡(♠♦(❡✱ #❤❡ "❝❛❧❡❞ ❞❛#❛ ♠❛#(✐①
X√
nT
❝❛♥ ❜❡ ❞❡❝♦♠♣♦"❡❞ ❛"
X√
nT
= U1S1C1 + U2S2C2 = F + ε
✇✐#❤ S1 = diag(s1, s2, · · · , sr)✱ S2 = diag(sr+1, sr+2, · · · , smin(n,T ))✱
❲❤✐❧❡ #❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦(♠ ♦❢ xt ❝❛♥ ❜❡ ❞❡❝♦♠♣♦"❡❞ ❛"
E
(∥∥∥∥ X√nT
∥∥∥∥2
)
= E
(∥∥∥∥ F√nT
∥∥∥∥2
)
+ E
(∥∥∥∥ ε√nT
∥∥∥∥2
)
=
r∑
j=1
s2j +
m∑
j=r+1
s2j = 1
❛♥❞ E
(∥∥∥ F√
nT
∥∥∥2) =∑kj=1 s2j = ks2j +∑kj=1 δj(k) ✱ ✇✐#❤ δj(k) = sj−sk > 0✱
j = 1, 2, . . . , k − 1✳ ❚❤✉"✱ E
(
‖Ft‖2
)
❤❛" ❛ ❧♦✇❡( ❜♦✉♥❞ J(k) = ks2j ✱ ✇❤✐❝❤ ❝❛♥
❜❡ ✈✐❡✇❡❞ ❛" ❛ #(❛❞❡♦✛ ❜❡#✇❡❡♥ k ❛♥❞ σ2k/nT ✳ ❉❡♥♦#❡ #❤❡ ❞✐✛❡(❡♥❝❡ ♦❢ J(k) ❜②
DJ(k) ✶✵✳ ❙✐♥❝❡ ❢♦( j ≤ r✱ DJ(k) ✇✐❧❧ ❜❡ ♣♦"✐#✐✈❡✱ ❛♥❞ ❢♦( j > r✱ DJ(k) ✇✐❧❧ ❜❡
③❡(♦ ❛" n, T → ∞✳ ❖##❡( ❡# ❛❧✳ ✭✷✵✶✸✮ "✉❣❣❡"# #♦ ✉"❡ DJ(k) #♦ ❞❡#❡(♠✐♥❡ #❤❡
♥✉♠❜❡( ♦❢ ❢❛❝#♦("✱ ✐✳❡✳✱k = argmin(DJ(k))✳
✸✳✺ ❚❤❡ &❛♥❦ ♦❢ ,❤❡ ♠❛,&✐①
❇❛"❡❞ ♦♥ #❤❡ (❛♥❦ ♦❢ #❤❡ "♣❡❝#(❛❧ ❞❡♥"✐#② ♠❛#(✐①✱ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✼✮ ♣(♦♣♦"❡ ❛♥
❛❧#❡(♥❛#✐✈❡ ❝(✐#❡(✐❛ ❢♦( "❡❧❡❝#✐♥❣ #❤❡ ♥✉♠❜❡( ♦❢ ❞②♥❛♠✐❝ ❢❛❝#♦("✳ ❚❤❡ ❢❛❝#♦(" ❛(❡
❛""✉♠❡❞ #♦ ❡✈♦❧✈❡ ❛" ❛ ❱❆❘ ❛" ✐♥ ❙#♦❝❦ ❛♥❞ ❲❛#"♦♥ ✭✷✵✵✺✮✳ ❚❤❡♥✱ #❤❡ ( "#❛#✐❝
❢❛❝#♦(" ❝❛♥ ❜❡ ❞②♥❛♠✐❝❛❧❧② (❡❧❛#❡❞✱ ❛♥❞ #❤❡ "♣❡❝#(✉♠ ♦❢ #❤❡ "#❛#✐❝ ❢❛❝#♦(" ❤❛"
✶✵DJ(k) =
△J(k)
k
=
J(K+1)−J(k)
K+1−K
= J(K + 1)− J(k)✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ✇+✐,,❡♥ ❛/ k
nT
(σ2k −
σ2k+1) +
1
nT
σ2k+1
✶✹
 ❡❞✉❝❡❞  ❛♥❦✱ ✇❤✐❝❤ ✐, ❛❝-✉❛❧❧② -❤❡ ♥✉♠❜❡ ♦❢ ❞②♥❛♠✐❝ ❢❛❝-♦ , ✭♦ ✏♣ ✐♠✐-✐✈❡
,❤♦❝❦,✑ ❛❝❝♦ ❞✐♥❣ -♦ ❛✉-❤♦ ,✮✳ ■♥ ♦-❤❡ ✇♦ ❞,✱ -❤❡  ❛♥❦ ♦❢ -❤❡ ❝♦✈❛ ✐❛♥❝❡ ♠❛- ✐①
♦❢ υt✱ Συ = E(υtυ
′
t)✱ ✐, ❡>✉❛❧ -♦ -❤❡ ♥✉♠❜❡ ♦❢ ❞②♥❛♠✐❝ ❢❛❝-♦ ,✳
❙♣❡❝✐✜❝❛❧❧②✱ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✺✮ ❞❡✜♥❡ -✇♦ ,-❛-✐,-✐❝,✿
Da,k =
(
β2k+1∑r
j=1 β
2
j
)1/2
✭✶✾✮
❛♥❞
Db,k =
(∑r
j=k+1 β
2
j∑r
j=1 β
2
j
)1/2
✭✷✵✮
✇❤❡ ❡ β1 ≥ β2 ≥ · · · ≥ βr ❛ ❡ -❤❡ ♦ ❞❡ ❡❞ ❡✐❣❡♥✈❛❧✉❡, ♦❢ Σ̂u✳ ❲✐-❤ ❛ ♠❛- ✐①
♦❢  ❛♥❦ q ≤ r, -❤❡ r − q ,♠❛❧❧❡,- ❡✐❣❡♥✈❛❧✉❡, ❛ ❡ ③❡ ♦✳ ❚❤✉,✱ Da,k = Db,k = 0 ✐❢
k ≥ q✳
❚❤❡ ❡,-✐♠❛-✐♦♥ ♦❢ -❤❡ ♥✉♠❜❡ ♦❢ -❤❡ ❞②♥❛♠✐❝ ❢❛❝-♦ , ✐, ❝❛  ✐❡❞ ✐♥ ,❡✈❡ ❛❧
,-❡♣,✳ ❋✐ ,-✱ -❤❡ ♣ ✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥- ❡,-✐♠❛-♦ , ♦❢ -❤❡ ,-❛-✐❝ ❢❛❝-♦ ,✱ Fˆt✱ ❛ ❡
♦❜-❛✐♥❡❞✳ ◆❡①- -❤❡  ❡,✐❞✉❛❧, û ❛ ❡ ♦❜-❛✐♥❡❞ ❢ ♦♠ ❡,-✐♠❛-✐♦♥ ♦❢ ❛ ❱❆❘ ✐♥ Fˆt ❛♥❞
❝♦♥,- ✉❝- Σ̂u =
1
T
∑T
t=1 û
′
tût✳ ❚❤❡♥✱ D̂a,k ❛♥❞ D̂b,k ❛ ❡ ❝❛❧❝✉❧❛-❡❞ ❢ ♦♠ Σ̂υ. ❇❛✐
❛♥❞ ◆❣ ✭✷✵✵✼✮ ,✉❣❣❡,- -✇♦ ,❡❧❡❝-✐♦♥  ✉❧❡, ✭Q ♦♣♦,✐-✐♦♥ ✷ ♦❢ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✼✮✮✿
κa =
{
k : Dˆa,k < g/min
[
n1/2−δ, T 1/2−δ
]}
✭✷✶✮
κb =
{
k : Dˆb,k < g/min
[
n1/2−δ, T 1/2−δ
]}
✭✷✷✮
❢♦ ,♦♠❡ 0 < g < ∞ ❛♥❞ 0 < δ < 1/2✱ ❛♥❞ q̂a = min {k ∈ κa}✱ q̂b =
min {k ∈ κb}✳
■♥ ♦-❤❡ ✇♦ ❞,✱ q ✐, -❤❡ ,♠❛❧❧❡,- k ,✉❝❤ ❛, D̂a,k ❛♥❞ D̂b,k ❛ ❡ ❛,②♠♣-♦-✐✲
❝❛❧❧② ③❡ ♦✳ ❙✐♥❝❡ ✇❡ ❦♥♦✇
∥∥∥Σ̂u −H∗ΣuH∗′∥∥∥ = Op(1/δn,T )✶✶✳ ❇② ❝♦♥-✐♥✉✐-②
♦❢ ❡✐❣❡♥✈❛❧✉❡✱ ✇❡ ❤❛✈❡ D̂a,k − Da,k = Op(δ−1n,T ) ❛♥❞ D̂b,k − Db,k = Op(δ−1n,T )✳
❋♦ k ≥ q✱ ,✐♥❝❡ Da,k = Db,k = 0 ✱ -❤❡♥ D̂a,k = Op(δ−1n,T )✳ ❚❤✉,✱ ✇❤❡♥ n✱
T → ∞✱ D̂a,k < M/min
[
n1/2−ǫ, T 1/2−ǫ
]
✇✐-❤ ♣ ♦❜❛❜✐❧✐-② -❡♥❞✐♥❣ -♦ ✶ ✱ ✇❤✐❝❤
✐♠♣❧✐❡, q ∈ κa ❢♦ ❧❛ ❣❡ N ✱ T ✳ ❲❤❡ ❡❛, q − 1 /∈ κa ,✐♥❝❡ D̂a,k ≥ g > 0
✐❢ k ≺ q✱ -❤❡♥ D̂a,k > M/min
[
n1/2−ǫ, T 1/2−ǫ
]
✇✐-❤ ♣ ♦❜❛❜✐❧✐-② -❡♥❞✐♥❣ -♦ ✶✳
M/min
[
n1/2−ǫ, T 1/2−ǫ
]
✐, -❤❡ -♦❧❡ ❛-❡❞ ❡  ♦ ✐♥❞✉❝❡❞ ❜② -❤❡ ❡,-✐♠❛-✐♦♥✳ ❇❛,❡❞
♦♥ ▼♦♥-❡ ❈❛ ❧♦ ,✐♠✉❧❛-✐♦♥,✱ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✼✮ ,✉❣❣❡,- ǫ = 0.1 ❛♥❞ -❤❡ ❝❤♦✐❝❡
♦❢ ▼ ❞❡♣❡♥❞, ♦♥ ✇❤❡-❤❡ -❤❡ ❡,-✐♠❛-✐♦♥ ✐, ❜❛,❡❞ ♦♥ ❝♦✈❛ ✐❛♥❝❡ ♠❛- ✐① ♦ ❝♦ ✲
 ❡❧❛-✐♦♥ ♠❛- ✐① ♦❢ ❱❆❘  ❡,✐❞✉❛❧,✳
✶✶
❙❡❡ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮ -❤❡♦0❡♠ ✶ ❛♥❞ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✼✮ ♣0♦♣♦5✐-✐♦♥ ✶ ❛♥❞ ❧❡♠♠❛ ✷
✶✺
✸✳✻ ❈❛♥♦♥✐❝❛❧ ❝♦**❡❧❛,✐♦♥ ❛♥❛❧②.✐.
❇!❡✐$✉♥❣ ❛♥❞ *✐❣♦!,❝❤ ✭✷✵✶✸✮ ■♥"#❡❛❞ ♦❢ ✉"✐♥❣ ,❈❆✱ ❇1❡✐#✉♥❣ ❛♥❞ ,✐❣✲
♦1"❝❤ ✭✷✵✶✸✮ ❞❡✈❡❧♦♣ ❛ "❡❧❡❝#✐♦♥ ♣1♦❝❡❞✉1❡ ❜❛"❡❞ ♦♥ ❝❛♥♦♥✐❝❛❧ ❝♦11❡❧❛#✐♦♥ ❛♥❛❧✲
②"✐" ✭❈❈❆✮✳ ❈♦♠♣❛1❡❞ #♦ ,❈❆✱ ❈❈❆ ✐" ✐♥✈❛1✐❛♥# #♦ ❛♥② 1♦#❛#✐♦♥ ♦❢ #❤❡ ❢❛❝#♦1
"♣❛❝❡✳ ■♥ ♣❛1#✐❝✉❧❛1✱ #❤❡ ♣1♦❝❡❞✉1❡ ✐" ❜❛"❡❞ ♦♥✱
| µˆ∗j Sˆ00 − Sˆ01Sˆ−111 Sˆ
′
01 |= 0 ✭✷✸✮
✇❤❡1❡ Sˆ00 =
∑T
t=s+1 FˆtFˆt
′
✱ Sˆ01 =
∑T
t=s+1 FˆtGˆ
′
t−1✱Sˆ11 =
∑T
t=s+1 Gˆt−1Gˆt−1
❛♥❞ Gˆt−1 =
[
Fˆ ′t−1, . . . , Fˆ
′
t−s
]′
✱ " ✐" #❤❡ ❧❛❣ ♦1❞❡1✳
µˆ∗j ✱ #❤❡ ❣❡♥❡1❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡" 1❡"✉❧#✐♥❣ ❢1♦♠ ✭✶✸✮✱ 1❡♣1❡"❡♥# #❤❡ ❝❛♥♦♥✐❝❛❧
❝♦11❡❧❛#✐♦♥" ❜❡#✇❡❡♥ #❤❡ ❝✉11❡♥# ❛♥❞ ♣❛"# ✈❛❧✉❡" ♦❢ #❤❡ 1 "#❛#✐❝ ❢❛❝#♦1"✱ 1❡✲
"♣❡❝#✐✈❡❧② ❞❡♥♦#❡❞ ❜② Ft ❛♥❞ Gt−1✳ ❲❡ ✉"❡ ✯ #♦ ❞✐"#✐♥❣✉✐"❤ #❤❡♠ ❢1♦♠ #❤❡
❡✐❣❡♥✈❛❧✉❡" ♦❢ ,❈❆ ❡"#✐♠❛#♦1"✳ ❚❤❡ ❣❡♥❡1❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡" ❛1❡ ❡G✉✐✈❛❧❡♥# #♦
#❤❡ R2 ♠❡❛"✉1❡ ♦❢ ❛ 1❡❣1❡""✐♦♥ ♦❢ #❤❡ ❛""♦❝✐❛#❡❞ ❧✐♥❡❛1 ❝♦♠❜✐♥❛#✐♦♥ ♦❢ Ft ♦♥
Gt−1 ✭❆♥❞❡1"♦♥ ✶✾✽✹✮✳ ❍❡♥❝❡✱ #❤❡② ❛1❡ "❝❛❧❡ ✐♥✈❛1✐❛♥# ❛♥❞ 0 ≤ µˆ∗j ≤ 1✳ ❚❤❡
♠♦#✐✈❛#✐♦♥ ❢♦1 ✉"✐♥❣ µˆ∗j ✐" #❤❛# ✐❢ "♦♠❡ ❧❛❣" ♦❢ #❤❡ ❢❛❝#♦1" ❡♥#❡1 #❤❡ "#❛#✐❝ 1❡♣✲
1❡"❡♥#❛#✐♦♥ Ft✱ #❤❡"❡ ❧❛❣" ❛1❡ ♣❡1❢❡❝#❧② ♣1❡❞✐❝#❛❜❧❡ ❢1♦♠ ❧✐♥❡❛1 ❝♦♠❜✐♥❛#✐♦♥" ♦❢
Gt−1✳ ❚❤✉"✱ #❤❡ ❝♦11❡"♣♦♥❞✐♥❣ ❝❛♥♦♥✐❝❛❧ ❝♦11❡❧❛#✐♦♥" ✭❡✐❣❡♥✈❛❧✉❡"✮ ❝♦♥✈❡1❣❡
#♦ ✉♥✐#② ❛" #❤❡ "❛♠♣❧❡ "✐③❡ #❡♥❞" #♦ ✐♥✜♥✐#②✱ ✇❤❡1❡❛" #❤❡ 1❡♠❛✐♥✐♥❣ ❡✐❣❡♥✈❛❧✲
✉❡" ❝♦♥✈❡1❣❡ #♦ ✈❛❧✉❡" "♠❛❧❧❡1 #❤❛♥ ✶✳ ❋✉1#❤❡1♠♦1❡✱ #❤❡ ❝♦♥✈❡1❣❡♥❝❡ 1❛#❡ ✐"
❣✐✈❡♥ ❜② ❇1❡✐#✉♥❣ ❛♥❞ ,✐❣♦1"❝❤ ✭✷✵✶✸✱ ❚❤❡♦1❡♠ ✶✮✱ ✐✳❡✳✱ ❢♦1 j = 1, · · · , r − k✱(
1− µ˜∗j
)
= Op(C
−2
n,T ) ✇❤✐❧❡ p
(
1− µ˜∗j > M
) → 1 ❢♦1 "♦♠❡ ❝♦♥"#❛♥# M > 0 ✐❢
j > r − k✳ ■# ❢♦❧❧♦✇" ❢♦1 j = 1, · · · , r − k✱ C2−δnT
(
1− µ˜∗j
)
❝♦♥✈❡1❣❡" #♦ ③❡1♦ ✇✐#❤
0 < δ < 2✱ ✇❤✐❧❡ C2−δnT
(
1− µ˜∗j
)
#❡♥❞" #♦ ✐♥✜♥✐#② ✐❢ j > r − k✳ ❚❤❡ "#❛#✐"#✐❝
❝♦♥"#1✉❝#❡❞ ❜② ❇1❡✐#✉♥❣ ❛♥❞ ,✐❣♦1"❝❤ ✭✷✵✶✸✮ ✐"✿
ξ(k∗) = C˜2−δnT
r−k∗∑
j=1
(1− µ˜∗j ) ✭✷✹✮
❆" ✐♥ ❇◆ ✵✷✱ #❤❡ ❝♦♥✈❡1❣❡♥❝❡ 1❛#❡ ✐" 1❡♣❧❛❝❡❞ ❜② C˜−2nT =
n+T
nT #♦ #❛❦❡ ❛❝❝♦✉♥#
♦❢ #❤❡ #✇♦ "❛♠♣❧✐♥❣ ❞✐♠❡♥"✐♦♥"✳
❚❤❡ ♥✉♠❜❡1 ♦❢ ❞②♥❛♠✐❝ ❢❛❝#♦1" ✐" ❞❡#❡1♠✐♥❡❞ ❜② ❝❤♦♦"✐♥❣ #❤❡ "♠❛❧❧❡"# ♥✉♠✲
❜❡1 ❦ ✐♥ #❤❡ "❡G✉❡♥❝❡ k∗ = r, r − 1, · · · , 1✱ ✇❤❡$❡ ξ(k∗) ✐& &♠❛❧❧❡$ *❤❛♥ &♦♠❡
✜①❡❞ *❤$❡&❤♦❧❞ τ ✿ q̂ = min {k∗ : ξ(k∗) < τ}✳ ❋✐♥❛❧❧②✱ ❜❛&❡❞ ♦♥ *❤❡ ▼♦♥*❡ ❈❛$❧♦
&✐♠✉❧❛*✐♦♥&✱ ❇$❡✐*✉♥❣ ❛♥❞ :✐❣♦$&❝❤ ✭✷✵✶✸✮ &✉❣❣❡&* δ = 0.5 ❛♥❞ τ = 4.5 ❢♦$ ❛
❢$❛❝*✐♦♥ ♦❢ ❡①♣❧❛✐♥❡❞ ✈❛$✐❛♥❝❡ ♦❢ [0.4, 0.9]✳
✶✻
✹ ❙✐♠✉❧❛'✐♦♥
■♥ "❤✐% %❡❝"✐♦♥✱ ✇❡ ♣,♦✈✐❞❡ ❛ ❞❡"❛✐❧❡❞ ▼♦♥"❡ ❈❛,❧♦ %"✉❞② "♦ ❡✈❛❧✉❛"❡ "❤❡ ♣❡,✲
❢♦,♠❛♥❝❡ ♦❢ ❡❛❝❤ %❡❧❡❝"✐♦♥ ♣,♦❝❡❞✉,❡ ✐♥ ✜♥✐"❡ %❛♠♣❧❡%✳ ❋✐,%"✱ ✇❡ ❛%%❡%% "❤❡
♣❡,❢♦,♠❛♥❝❡ ♦❢ ;❈ ❛♥❞ ■❈ ✐♥ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮ ✭❤❡,❡❛❢"❡, ❇◆✵✷❛✱ ❇◆✵✷❜ ,❡✲
%♣❡❝"✐✈❡❧②✮✱ ❆❧❡%%✐ ❡" ❛❧✳ ✭✷✵✶✵✱ ❆❇❈✮✱ ❖♥❛"%❦✐ ✭✷✵✵✾✱ ✷✵✶✵✱ ❖♥❛✵✾ ❛♥❞ ❖♥❛✶✵✱
,❡%♣❡❝"✐✈❡❧②✮✱ "❤❡ ❊❘ ❛♥❞ ●❘ ,❛"✐♦ ♦❢ ❆❤♥ ❛♥❞ ❍♦,❡♥%"❡✐♥ ✭✷✵✶✸✱ ❆❍❴❊❘ ❛♥❞
❆❍❴●❘ ,❡%♣❡❝"✐✈❡❧②✮ "♦ ❞❡"❡,♠✐♥❡ "❤❡ ♥✉♠❜❡, ♦❢ %"❛"✐❝ ❢❛❝"♦,%✳ ❚❤❡♥✱ ✇❡ ❛%✲
%❡%% "❤❡ ♣❡,❢♦,♠❛♥❝❡ ♦❢ ❇❛✐ ♥❞ ◆❣ ✭✷✵✵✷✮ ✭❤❡,❡❛❢"❡, ❇◆✵✼❛✱ ❇◆✵✼❜✮✱ ❙"♦❝❦ ❛♥❞
❲❛"%♦♥ ✭✷✵✵✺✱ ❙❲✮✱ ❖♥❛"%❦✐ ✭✷✵✵✾✱ ❖♥❛✵✾✮✱ ❍❛❧❧✐♥ ❛♥❞ ▲✐%❦❛ ✭✷✵✵✼✱ ❍▲✮✱ ❇,❡✲
✐"✉♥❣ ❛♥❞ ;✐❣♦,%❝❤ ✭✷✵✶✸✱ ❇;✮ ❛♥❞ ❖""❡, ❡" ❛❧✳ ✭✷✵✶✸✱ ❖❏❘✮ "♦ ❞❡"❡,♠✐♥❡ "❤❡
♥✉♠❜❡, ♦❢ ❞②♥❛♠✐❝ ❢❛❝"♦,%✳ ❆❧❧ ❝♦♠♣✉"❛"✐♦♥% ❛,❡ ♣❡,❢♦,♠❡❞ ✇✐"❤ ▼❆❚▲❆❇
❘✷✵✶✸✳
✶✷
✹✳✶ ❙$❛$✐❝ ❢❛❝$♦*+
❚♦ ✐♥✈❡%"✐❣❛"❡ "❤❡ ♣,♦♣❡,"✐❡% ♦❢ ❞✐✛❡,❡♥" ❝,✐"❡,✐❛ "♦ ❞❡"❡,♠✐♥❡ "❤❡ ♥✉♠❜❡, ♦❢
%"❛"✐❝ ❢❛❝"♦,%✱ "✇♦ ♣❛," %✐♠✉❧❛"✐♦♥% ❛,❡ ❝♦♥❞✉❝"❡❞✳ ■♥ "❤❡ ✜,%" ♣❛," ✭❉●; ✶✲✺✮✱
✇❡ ❛,❡ ✐♥"❡,❡%"❡❞ ✐♥ "❤❡ ❡✛❡❝"% ♦❢ "❤❡ ❡,,♦, ❝♦✈❛,✐❛♥❝❡ %",✉❝"✉,❡✳ ■♥ "❤❡ %❡❝♦♥❞
♣❛," ✭❉●;% ✻✲✽✮✱ ✇❡ ✐♥✈❡%"✐❣❛"❡ "❤❡ ❡✛❡❝" ♦❢ "❤❡ ♣,❡%❡♥❝❡ ♦❢ ✇❡❛❦ ❛♥❞ %",♦♥❣
❢❛❝"♦,%✳ ❚❤❡ %",♦♥❣❧② ❝♦,,❡❧❛"❡❞ ✐❞✐♦%②♥❝,❛"✐❝ ❡,,♦,% ❛♥❞ ♣,❡%❡♥❝❡ ♦❢ %",♦♥❣
❢❛❝"♦,% ❛,❡ ❜♦"❤ ♠❡❛♥✐♥❣❢✉❧ ✐♥ ♠❛❝,♦❡❝♦♥♦♠✐❝ ❛♥❞ ✜♥❛♥❝✐❛❧ ❛♣♣❧✐❝❛"✐♦♥%✳ ❚❤❡
%✐♠✉❧❛"✐♦♥ ❡①♣❡,✐♠❡♥" ❞❡%✐❣♥ ✐% ❛❞♦♣"❡❞ ❢,♦♠ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮ ❛♥❞ ❆❤♥ ❛♥❞
❍♦,❡♥%"❡✐♥ ✭✷✵✶✸✮✳
❚❤❡ ❜❛%❡ ♠♦❞❡❧ ✐%
xit =
r∑
j=1
λi,jFjt +
√
θei,t
✇✐"❤ ei,t ❂ρei,t−1 + υit +
∑J
j 6=0,j=−J βυi−j,t✱ υi,t ∼ N(0, 1)✳
Fj,t ❛♥❞ λi,j ❛,❡ N(0, 1) ✈❛,✐❛❜❧❡%✱ r ✐% %❡" "♦ ❜❡ ✸✳ ❈♦♥%✐❞❡,✐♥❣ "❤❛" "❤❡
♥✉♠❜❡, ♦❢ ✈❛,✐❛❜❧❡% ✭✩◆✩✮ %✉✣❝✐❡♥" ❢♦, ▼♦♥"❡, ❈❛,❧♦ %✐♠✉❧❛"✐♦♥% ❛,❡ %❤♦✇♥
"♦ ❜❡ ❛❜♦✉" ✹✵ ✭❇♦✐✈✐♥ ❛♥❞ ◆❣✱ ✷✵✵✻❀ ■♥❦❧❛❛, ❡" ❛❧✳✱ ✷✵✵✺✮✱ ✇❡ ❜❡❣❛♥ ✇✐"❤ ✹✵
✈❛,✐❛❜❧❡% ✉♣ "♦ ✸✵✵✳ ❋♦, ❡❛❝❤ n✱ "❤❡ ♥✉♠❜❡, ♦❢ ♦❜%❡,✈❛"✐♦♥ ✐% %❡" ❛" ✹✵ "♦ ✸✵✵✱
✐✳❡✳✱ n ❂ ✹✵✱ ✺✵✱ ✶✵✵✱ ✶✺✵✱ ✷✵✵✱ ✸✵✵❀ T ❂ ✹✵✱ ✺✵✱ ✶✵✵✱ ✶✺✵✱ ✷✵✵✱ ✸✵✵✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢
n ❛♥❞ T ✐% `✉✐"❡ ♣❧❛✉%✐❜❧❡ %✐♥❝❡ ✐" ,❡✢❡❝"% "❤❡ ♠♦%" ❢,❡`✉❡♥" %✐③❡ ♦❢ "❤❡ ❡♠♣✐,✐❝❛❧
❞❛"❛%❡"% ✉%❡❞ ✐♥ ❞②♥❛♠✐❝ ❢❛❝"♦, ♠♦❞❡❧✳
✹✳✶✳✶ ❙✐♠✉❧❛)✐♦♥✿ -❛.) ✶
❉●;✶✿ ❍♦♠❡%❦❡❞❛%"✐❝ ✐❞✐♦%②♥❝,❛"✐❝ ❝♦♠♣♦♥❡♥"✱ ❛♥❞ ✐❞✐♦%②♥❝,❛"✐❝ ❝♦♠♣♦♥❡♥"
❤❛✈❡ "❤❡ %❛♠❡ ✈❛,✐❛♥❝❡ ❛% "❤❡ ❝♦♠♠♦♥ ❝♦♠♣♦♥❡♥"✿
✶✷
❲❡ ❛#❡ ❣#❛%❡❢✉❧ %♦ ❖%%❡#✱ ❏❛❝♦❜/✱ ❞❡♥ ❘❡✐❥❡#✱ ❇#❡✐%✉♥❣ ❛♥❞ 6✐❣♦#/❤ ❢♦# ♣#♦✈✐❞✐♥❣ %❤❡✐#
❝♦❞❡✳ ❚❤❡ ❝♦❞❡/ ♦❢ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✱ ✷✵✵✼✮✱ ❆❧❡//✐ ❡% ❛❧✳ ✭✷✵✶✵✮✱ ❍❛❧❧✐♥ ❛♥❞ ▲✐/❦❛ ✭✷✵✵✼✮✱
❖♥❛%/❦✐ ✭✷✵✵✾✱ ✷✵✶✵✮✱ ❆❤♥ ❛♥❞ ❍♦#❡♥/%❡✐♥ ✭✷✵✶✸✮ ❝❛♥ ❜❡ ❢♦✉♥❞ ♦♥ %❤❡✐# ♣❡#/♦♥❛❧ ❤♦♠❡♣❛❣❡/✳
✶✼
ei,t∼ N(0, 1)✱θ = r✱ ρ = β = J = 0✳
❉●$✷✿ ❍❡)❡*♦,❦❡❞❛,)✐❝ ✐❞✐♦,②♥❝*❛)✐❝ ❝♦♠♣♦♥❡♥)✿
ei,t ❂
e1i,t if t odd
e1i,t + e
2
i,t if t even
✱ ✇✐)❤ e1i,t✱e
2
i,t ✐✳✐✳❞✳ ∼ N(0, 1)✱ ρ = β = J = 0✳
❉●$✸✿ ❖♥❧② ,❡*✐❛❧ ❝♦**❡❧❛)✐♦♥ ✐, ❛❧❧♦✇❡❞ ❢♦* )❤❡ ✐❞✐♦,②♥❝*❛)✐❝ ❝♦♠♣♦♥❡♥)✿
β = 0✱ ei,t ❂ρei,t−1 + υit✳
■♥,)❡❛❞ ♦❢ ❛,,✉♠✐♥❣ ρ = 0.7 ❛, ✐♥ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮✱ ✇❡ ❢♦❧❧♦✇ ❖♥❛),❦✐
✭✷✵✵✾✮✱ ✐✳❡✳✱ ρ ❛*❡ ✐✳✐✳❞ U [−0.8, 0.8]✱ ✇❤✐❝❤ ✜), )❤❡ *❛♥❣❡ ♦❢ )❤❡ ✜*,) ♦*❞❡* ❛✉)♦✲
❝♦**❡❧❛)✐♦♥ ♦❢ )❤❡ ✐❞✐♦,②♥❝*❛)✐❝ ❡**♦* ♦❢ )❤❡ ❞❛)❛ ✐♥ ❙)♦❝❦ ❛♥❞ ❲❛),♦♥ ✭✷✵✵✷✮✳
❉●$✹✿ ❖♥❧② ❝*♦,,✲,❡❝)✐♦♥ ❝♦**❡❧❛)✐♦♥ ✐, ❛❧❧♦✇❡❞ ❢♦* )❤❡ ✐❞✐♦,②♥❝*❛)✐❝ ❝♦♠✲
♣♦♥❡♥)✿ ρ = 0✱ )❤❡♥✱
ei,t ❂υit +
∑J
j 6=0,j=−J βυi−j,t✱ β = 0.5✱ J = max(10, N/20)
❉●$✺✿ ❇♦)❤ ,❡*✐❛❧ ❛♥❞ ❝*♦,,✲,❡❝)✐♦♥ ❝♦**❡❧❛)✐♦♥ ❛*❡ ❛❧❧♦✇❡❞ ❢♦* )❤❡ ✐❞✐♦,②♥✲
❝*❛)✐❝ ❝♦♠♣♦♥❡♥)✿
ei,t ❂ρei,t−1 + υit +
∑J
j 6=0,j=−J βυi−j,t✱ ρ ∼ U [−0.8, 0.8]✱ β = 0.2✱ J =
max(10, N/20)
❚♦ ✐♥✈❡,)✐❣❛)❡ )❤❡ ❡✛❡❝) ♦❢ )❤❡ ❧❡✈❡❧ ♦❢ ❝*♦,,✲,❡❝)✐♦♥ ❝♦**❡❧❛)✐♦♥✱ ✇❡ *✉♥ )✇♦
✈❡*,✐♦♥, ♦❢ ❉●$✺ ✇✐)❤ ❞✐✛❡*❡♥) ♠❛❣♥✐)✉❞❡, ♦❢ ❝♦**❡❧❛)✐♦♥✱ ♦♥❡ ♦❢ β = 0.2 ❛♥❞
)❤❡ ♦)❤❡* ♦❢ β = 0.5✳
✹✳✶✳✷ ❙✐♠✉❧❛*✐♦♥✿ .❛/* ✷
❉●$✻✿ ❝♦♠♠♦♥ ❝♦♠♣♦♥❡♥) ❤❛, ,♠❛❧❧❡* ✈❛*✐❛♥❝❡ )❤❛♥ )❤❡ ✐❞✐♦,②♥❝*❛)✐❝ ❝♦♠♣♦✲
♥❡♥)✿
ei,t∼ N(0, 1)✱θ = [2, 4, 6, 8, 10]r
❇② ❛❧❧♦✇✐♥❣ θ )♦ ❜❡ ❛ ,❡Q✉❡♥❝❡ ♦❢ ♥✉♠❜❡*,✱ ✇❡ ✐♥✈❡,)✐❣❛)❡ )❤❡ ❡✛❡❝), ♦❢ )❤❡
✈❛*②✐♥❣ ❡①♣❧❛♥❛)♦*② ♣♦✇❡* ♦❢ ❢❛❝)♦*,✳ ❚♦ ✐,♦❧❛)❡ )❤❡ ❡✛❡❝) ♦❢ )❤❡ ❡①♣❧❛♥❛)♦*②
♣♦✇❡* ♦❢ ❢❛❝)♦*,✱ )❤*❡❡ ✈❡*,✐♦♥, ♦❢ ❉●$✻ ❛*❡ ❝♦♥❞✉❝)❡❞✳ ❖♥❡ ✇✐)❤♦✉) ,❡*✐❛❧ ❛♥❞
❝*♦,,✲,❡❝)✐♦♥ ❝♦**❡❧❛)✐♦♥✱ ❛♥❞ )❤❡ ♦)❤❡* )✇♦ ✐♥)*♦❞✉❝✐♥❣ ,❡*✐❛❧ ❛♥❞ ❝*♦,,✲,❡❝)✐♦♥
❝♦**❡❧❛)✐♦♥, ❢♦* )❤❡ ✐❞✐♦,②♥❝*❛)✐❝ ❝♦♠♣♦♥❡♥)✱ ❤♦✇❡✈❡*✱ ✇✐)❤ ❞✐✛❡*❡♥) ♠❛❣♥✐)✉❞❡,
♦❢ ❝♦**❡❧❛)✐♦♥✱ ♦♥❡ ✇✐)❤ β = 0.2 ❛♥❞ )❤❡ ♦)❤❡* ✇✐)❤ β = 0.5 ✱ ✐✳❡✳✱
❉●$✻❛✿ ei,t∼ N(0, 1)✱θ = r✱ ρ = β = J = 0
❉●$✻❜✿ ei,t ❂ρei,t−1 + υit +
∑J
j 6=0,j=−J βυi−j,t✱ ρ ∼ U [−0.8, 0.8]✱ β = 0.2✱
J = max(10, N/20)
✶✽
❉●"✻❝✿ ei,t ❂ρei,t−1 + υit +
∑J
j 6=0,j=−J βυi−j,t✱ ρ ∼ U [−0.8, 0.8]✱ β = 0.5✱
J = max(10, N/20)✳
❉●"✼✿ ❍♦♠❡.❝❡❞❛.1✐❝ ✐❞✐♦.②♥❝5❛1✐❝ ❝♦♠♣♦♥❡♥1✱ ❛♥❞ 1❤❡ ✐❞✐♦.②♥❝5❛1✐❝ ❝♦♠✲
♣♦♥❡♥1 ❤❛. .♠❛❧❧❡5 ✈❛5✐❛♥❝❡ 1❤❛♥ 1❤❡ ❝♦♠♠♦♥ ❝♦♠♣♦♥❡♥1 ✈❛5✐❛♥❝❡ ✭♣5❡.❡♥❝❡ ♦❢
♦♥❡ ✇❡❛❦ ❢❛❝1♦5✮✳
F1,t, F2,t ∼ N(0, 1)✱ F 3,t ∼ N(0, σ2F3)✱ σ2F3 = [0.45, 0.4, 0.35, 0.3, 0.25, 0.2, 0.15, 0.1]
❉●"✽✿ ❖♥❡ ❢❛❝1♦5 ❤❛. ❞♦♠✐♥❛♥1❧② .15♦♥❣ ❡①♣❧❛♥❛1♦5② ♣♦✇❡5 ✭♣5❡.❡♥❝❡ ♦❢ ❛
❞♦♠✐♥❛♥1❧② .15♦♥❣ ❢❛❝1♦5✮
θ = 1✱ F1,t ∼ N(0, σ2F1)✱ F2,t, F 3,t ∼ N(0, 1)✱ σ2F1 1❛❦❡. 1❤❡ ✈❛❧✉❡ ♦❢ ❛❧❧ ♣❛✐5
♥✉♠❜❡5. ❜❡1✇❡❡♥ ✷ ❛♥❞ ✷✵✳
❚❤5❡❡ ✈❡5.✐♦♥. .✐♠✐❧❛5 1♦ ❛. ❉●". ✻❛✲✻❝ ❛5❡ ❝♦♥❞✉❝1❡❞ ❢♦5 ❉●"✼ ❛♥❞ ❉●"✽
5❡.♣❡❝1✐✈❡❧②✳
❋✐♥❛❧❧②✱ ❡❛❝❤ .❡5✐❡. ✐. .1❛♥❞❛5❞✐③❡❞ 1♦ ❤❛✈❡ ❛ ♠❡❛♥ ♦❢ ✵ ❛♥❞ ✉♥✐1 ✈❛5✐❛♥❝❡✳
❋♦5 ❛❧❧ ❉●".✱ 5♠❛① ✐. .❡1 1♦ ❜❡ 1✇✐❝❡ 1❤❡ 5❡❛❧ ♥✉♠❜❡5 ♦❢ ❢❛❝1♦5.✱ ✐✳❡✳✱ ✻
✶✸
✳ ❚❤❡
✈❛❧✉❡. ♦❢ 1❤❡ 1✉♥✐♥❣ ♣❛5❛♠❡1❡5. ❛5❡ ❝❤♦.❡♥ 1❤❡ ❢♦❧❧♦✇✐♥❣✿ ❢♦5 1❤❡ ❝5✐1❡5✐❛ ♦❢ ❆❇❈
❛♥❞ ❍▲✱ 1❤❡ ♣❛5❛♠❡1❡5 α ✐♥ ✭✶✵✮ ❛♥❞ ✭✶✹✮ ✐. .❡1 ✉♣ 1♦ ✺ ✇✐1❤ .1❡♣ .✐③❡ ♦❢ ✵✳✵✶❀
❢♦5 1❤❡ ❝5✐1❡5✐♦♥ ♦❢ ❇"✱ ✇❡ ❢♦❧❧♦✇ 1❤❡✐5 .✉❣❣❡.1✐♦♥ 1♦ .❡1 δ = 0.5 ❛♥❞ τ = 4.5
✭.❡❡ ✭✷✻✮✮✳
❚❤❡ 5❡.✉❧1. ❢♦5 1❤❡ ❛✈❡5❛❣❡ .❡❧❡❝1❡❞ ♥✉♠❜❡5 ♦❢ ❢❛❝1♦5. ♦✈❡5 ✺✵✵ 5❡♣❧✐❝❛1✐♦♥.
❢♦5 ❉●"✶✲✺ ❛5❡ .✉♠♠❛5✐③❡❞ ✐♥ 1❛❜❧❡. ✷✲✼✳ ❚❤❡ ▼❙❊ ♦❢ 1❤❡ ❢❛❝1♦5 ♥✉♠❜❡5 ❡.1✐♠❛✲
1♦5. ❛5❡ 5❡♣♦51❡❞ ✐♥ ♣❛5❡♥1❤❡.❡. ❜❡❧♦✇✳ ❚❤❡ 5❡.✉❧1. ❢♦5 ❝5✐1❡5✐❛ ❇◆✵✷❛✱ ❇◆✵✷❜✱
❆❇❈✱ ❖♥❛✵✾✱ ❖♥❛✶✵✱ ❆❍❴❊❘ ❛♥❞ ❆❍❴●❘ ❛5❡ ❞✐.♣❧❛②❡❞ ✐♥ 1❤❡ ❝♦❧✉♠♥.✳
▼♦♥1❡ ❈❛5❧♦ .✐♠✉❧❛1✐♦♥. .❤♦✇ 1❤❛1 ❛❧❧ ♠❡1❤♦❞. ♣❡5❢♦5♠ ✇❡❧❧ ❢♦5 ❉●"✶✳
❋♦5 ❉●" ✷✱ ♠♦.1 ♦❢ 1❤❡ ❝5✐1❡5✐❛ ❣✐✈❡ ❛❝❝✉5❛1❡ ❡.1✐♠❛1❡. ✐♥ 1❤❡ ♣5❡.❡♥❝❡ ♦❢
❤❡1❡5♦.❦❡❞❛.1✐❝✐1② ✐♥ 1❤❡ ✐❞✐♦.②♥❝5❛1✐❝ ❡55♦5.✳ ❖♥❛✵✾ ✉♥❞❡5❡.1✐♠❛1❡ 1❤❡ ♥✉♠❜❡5
♦❢ ❢❛❝1♦5 ♦♥❧② ✐❢ ◆ ❛♥❞ ❚ ❛5❡ ❜♦1❤ .♠❛❧❧ ✭✹✵✱✺✵✮✳ ❋✉51❤❡5♠♦5❡✱ ♥♦1✐❝❡ 1❤❛1 ▼❙❊.
❛5❡ Z✉✐1❡ .♠❛❧❧ ✐♥ ❣❡♥❡5❛❧✱ ✇❤✐❝❤ .✉❣❣❡.1. 1❤❡ ❡.1✐♠❛1♦5 ✐. ❝♦♥.✐.1❡♥1✳ ❙✐♠✐❧❛5
5❡.✉❧1. ❛5❡ ❢♦✉♥❞ ❢♦5 ❉●" ✸✳ ❆❧♠♦.1 ❛❧❧ ❝5✐1❡5✐❛ 5❡♠❛✐♥ 5♦❜✉.1 1♦ 1❤❡ ♣5❡.❡♥❝❡
♦❢ ❤❡1❡5♦.❦❡❞❛.1✐❝✐1② ❛♥❞ .❡5✐❛❧ ❝♦55❡❧❛1✐♦♥✳
❍♦✇❡✈❡5✱ ✇❤❡♥ ❝5♦..✲.❡❝1✐♦♥ ❝♦55❡❧❛1✐♦♥ ✐. ❛❧❧♦✇❡❞ ❢♦5 1❤❡ ✐❞✐♦.②♥❝5❛1✐❝ ❝♦♠✲
♣♦♥❡♥1 ✭❉●" ✹✮✱ 1❤❡ 5❡.✉❧1. ❛5❡ ❧❡.. ❛❝❝✉5❛1❡✳ ❚❤❡ ❝5✐1❡5✐❛ ❇◆✵✷❛ ❛♥❞ ❇◆✵✷❜
1❡♥❞ 1♦ ♦✈❡5❡.1✐♠❛1❡ 1❤❡ ♥✉♠❜❡5 ♦❢ .1❛1✐❝ ❢❛❝1♦5. ❛♥❞ .❡❧❡❝1 1❤❡ ♣5❡❞❡1❡5♠✐♥❡❞
♠❛①✐♠✉♠ ♥✉♠❜❡5 ♦❢ ❢❛❝1♦5.✳ ❚❤❡ ✐♥❝5❡❛.❡❞ .❛♠♣❧❡ .✐③❡ ❞♦❡. ♥♦1 ✐♠♣5♦✈❡ 1❤❡
5❡.✉❧1.✳ ❆❇❈ .❤♦✇. ❛ .❧✐❣❤1 ✐♠♣5♦✈❡♠❡♥1 ♦✈❡5 ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮✱ ❡.♣❡❝✐❛❧❧②
❛1 .✐③❡ ◆❂✷✵✵✳ ❍♦✇❡✈❡5✱ ✇❡ .❤♦✉❧❞ ♣♦✐♥1 ♦✉1 1❤❛1 ❆❇❈ ✐. ♠✉❝❤ ♠♦5❡ 1✐♠❡✲
❝♦♥.✉♠✐♥❣ 1❤❛♥ 1❤❡ ♦1❤❡5 ♠❡1❤♦❞✳ ◆❡①1✱ ❖♥❛1.❦✐ ✭✷✵✵✾✱ ✷✵✶✵✮ 1❡♥❞ 1♦ ✉♥❞❡5✲
❡.1✐♠❛1❡ 1❤❡ ♥✉♠❜❡5 ♦❢ ❢❛❝1♦5.✳ ❋✐♥❛❧❧②✱ ❆❍❴❊❘ ❛♥❞ ❆❍❴●❘ ❞♦♠✐♥❛1❡ 1❤❡
♦1❤❡5 ❝5✐1❡5✐❛✳ ❊❘ ♦✈❡5❡.1✐♠❛1❡. 1❤❡ ♥✉♠❜❡5 ♦❢ ❢❛❝1♦5. ❢♦5 .♠❛❧❧ .❛♠♣❧❡. ❛♥❞
❣✐✈❡. ❛♥ ❡.1✐♠❛1♦5 ✈❡5② ❝❧♦.❡ 1♦ 1❤❡ 5❡❛❧ ♥✉♠❜❡5 ✇❤❡♥ ◆ ❛♥❞ ❚ ✐♥❝5❡❛.❡✳
✶✸
❲❡ ❛❧$♦ ❢♦❧❧♦✇ (❤❡ ❝❤♦✐❝❡ ♦❢ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✷✮ ❛♥❞ $❡( 5♠❛① (♦ ❜❡ 8int
[
(c2N,T /100)
1/4
]
✱
(❤❡ 5❡$✉❧($ ❛5❡ $✐♠✐❧❛5 ❛♥❞ ❛5❡ ♥♦( 5❡♣♦5(❡❞✳
✶✾
❇♦"❤ $❡&✐❛❧ ❛♥❞ ❝&♦$$✲$❡❝"✐♦♥ ❝♦&&❡❧❛"✐♦♥ ❛&❡ ❛❧❧♦✇❡❞ ❢♦& "❤❡ ✐❞✐♦$②♥❝&❛"✐❝
❝♦♠♣♦♥❡♥" ✐♥ ❉●5 ✺✳ ❲❤❡♥ ❝&♦$$✲❝♦&&❡❧❛"✐♦♥ ✐$ $"&♦♥❣✱ β = 0.5✱ "❤❡ &❡$✉❧"$ ❛&❡
$✐♠✐❧❛& "♦ ❉●5✹✳ ❍♦✇❡✈❡&✱ ✐❢ ✇❡ ❛❧❧♦✇ ♦♥❧② ❢♦& ❧♦✇ ❝&♦$$✲$❡❝"✐♦♥ ❝♦&&❡❧❛"✐♦♥✱β =
0.2✱ "❤❡ ♣❡&❢♦&♠❛♥❝❡ ♦❢ ❖♥❛✵✾ ❛♥❞ ❖♥❛✶✵ ✐♠♣&♦✈❡ ❛$ ♥ ❛♥❞ ❚ ✐♥❝&❡❛$❡✳ ❚❤❡
♥✉♠❜❡& ♦❢ ❢❛❝"♦&$ $❡❧❡❝"❡❞ ✐$ ❝❧♦$❡ "♦ "❤❡ &❡❛❧ ♥✉♠❜❡& ❢♦& ❧❛&❣❡ ♥ ✭ ♥≥ 100 ❢♦&
❖♥❛✵✾ ❛♥❞ ♥≥ 50 ❢♦& ❖♥❛✶✵✮✳ ❆❣❛✐♥✱ ❆❍❴❊❘ ❛♥❞ ❆❍❴●❘ ♦✉"♣❡&❢♦&♠ "❤❡
♦"❤❡& ❝&✐"❡&✐❛✳
❋♦& ❉●5 ✻✲✽✱ ♦♥❧② "❤❡ &❡$✉❧"$ ❢♦& ❡N✉❛❧✐♥❣ ♥ ❛♥❞ ❚ ❛&❡ &❡♣♦&"❡❞ ❤❡&❡ ❢♦&
$✐♠♣❧✐❝✐"②
✶✹
✳ ❚❤❡ &❡$✉❧"$ ❢♦& ❉●5 ✻ ✭❝♦♠♠♦♥ ❝♦♠♣♦♥❡♥" ❤❛$ $♠❛❧❧❡& ✈❛&✐❛♥❝❡
"❤❛♥ "❤❡ ✐❞✐♦$②♥❝&❛"✐❝ ❝♦♠♣♦♥❡♥"✮ ❛&❡ ❞✐$♣❧❛②❡❞ ✐♥ ✜❣✉&❡$ ✶✲✹✳ ❉●5 ✻❛ ✭❛❜$❡♥❝❡
♦❢ $❡&✐❛❧ ❛♥❞ ❝&♦$$✲$❡❝"✐♦♥ ❝♦&&❡❧❛"✐♦♥✮ ❛&❡ $❤♦✇♥ ♦♥ "❤❡ ❧❡❢"✱ ❉●5 ✻❜ ✭♣&❡$❡♥❝❡
♦❢ $❡&✐❛❧ ❛♥❞ ❝&♦$$✲$❡❝"✐♦♥ ❝♦&&❡❧❛"✐♦♥✱ β = 0.2✮ ❛&❡ $❤♦✇♥ ✐♥ "❤❡ ♠✐❞❞❧❡✱ ❛♥❞
❉●5 ✻❝ ✭β = 0.5✮ ✐$ $❤♦✇♥ ♦♥ "❤❡ &✐❣❤"✳ ❲❡ ❝❛♥ $❡❡ "❤❛"✱ ✐♥ "❤❡ ❛❜$❡♥❝❡ ♦❢
❝&♦$$✲$❡❝"✐♦♥ ❝♦&&❡❧❛"✐♦♥✱ ♣✉&❡ ✇❡❛❦ ❢❛❝"♦&$ ❤❛✈❡ ❧✐""❧❡ ♥❡❣❛"✐✈❡ ✐♥✢✉❡♥❝❡ ♦♥ "❤❡
❡$"✐♠❛"✐♦♥✳ ▼♦$" ❝&✐"❡&✐❛ ②✐❡❧❞ $❛"✐$❢❛❝"♦&② &❡$✉❧"$✱ ❡✈❡♥ ❢♦& ✈❡&② $♠❛❧❧ $❛♠♣❧❡$
$✉❝❤ ❛$ ♥❂❚❂✹✵✳ ◆❡①"✱ ✐♥"&♦❞✉❝✐♥❣ $♠❛❧❧ ❝&♦$$✲$❡❝"✐♦♥ ❝♦&&❡❧❛"✐♦♥ ✇♦&$❡♥$ "❤❡
&❡$✉❧"$ ✭❉●5✻❜✮✳ ❇◆✵✷❛ ❛♥❞ ❇◆✵✷❜ ❛❧✇❛②$ ♦✈❡&❡$"✐♠❛"❡ "❤❡ ♥✉♠❜❡& ♦❢ ❢❛❝"♦&$✱
✇❤❡&❡❛$ ❖♥❛✵✾ ❛♥❞ ❖♥❛✶✵ "❡♥❞ "♦ ♣&♦❞✉❝❡ ✉♥❞❡&❡$"✐♠❛"✐♦♥✳ ❆$ "❤❡ ❞❡❣&❡❡ ♦❢
❝&♦$$✲$❡❝"✐♦♥ ❝♦&&❡❧❛"✐♦♥ ✐♥❝&❡❛$❡$✱ "❤❡ ❡$"✐♠❛"✐♦♥ &❡$✉❧"$ ❞❡"❡&✐♦&❛"❡ ❢✉&"❤❡&✳
❍♦✇❡✈❡&✱ ❆❍❴❊❘ ❛♥❞ ❆❍❴●❘ ❝♦♥"✐♥✉❡ "♦ $✉❣❣❡$" ❛ ♥✉♠❜❡& ♦❢ ❢❛❝"♦&$ N✉✐"❡
❝❧♦$❡ "♦ "❤❡ &❡❛❧ ♥✉♠❜❡&$✳
❚❤❡ &❡$✉❧"$ ❢♦& ❉●5 ✼❛✲❝ ✭♣&❡$❡♥❝❡ ♦❢ ♦♥❡ ✇❡❛❦ ❢❛❝"♦&✮ ❛&❡ $✐♠✐❧❛&❧② ❞✐$✲
♣❧❛②❡❞ ✐♥ ✜❣✉&❡$ ✺✲✽✳ ■♥ "❤❡ ❛❜$❡♥❝❡ ♦❢ $❡&✐❛❧ ❛♥❞ ❝&♦$$✲$❡❝"✐♦♥ ❝♦&&❡❧❛"✐♦♥ ✭❧❡❢"
❝♦❧✉♠♥✮✱ "❤❡ ♥✉♠❜❡& ♦❢ ❢❛❝"♦&$ $❡❧❡❝"❡❞ ❜② ❆❇❈ ❛♥❞ ❖♥❛✶✵ ❛&❡ ❝❧♦$❡$" "♦ "❤❡
&❡❛❧ ♥✉♠❜❡& ♠♦$" ♦❢ "✐♠❡✱ ✇❤✐❧❡ "❤❡ ❊❘ ❛♥❞ ●❘ &❛"✐♦$ "❡♥❞ "♦ ♥❡❣❧❡❝" "❤❡ ✇❡❛❦
❢❛❝"♦& ❛$ "❤❡ $❛♠♣❧❡ $✐③❡ ✐♥❝&❡❛$❡$✳ ❲❤❡♥ $❡&✐❛❧ ❛♥❞ ❝&♦$$✲$❡❝"✐♦♥ ❝♦&&❡❧❛"✐♦♥$
❛&❡ ❛❧❧♦✇❡❞✱ "❤❡ &❡$✉❧"$ ✇♦&$❡♥ ✭♠✐❞❞❧❡ ❛♥❞ &✐❣❤" ❝♦❧✉♠♥✮✳ ❇◆✵✷❛ ❛♥❞ ❇◆✵✷❜
❛❧✇❛②$ ♦✈❡&❡$"✐♠❛"❡ "❤❡ ♥✉♠❜❡& ♦❢ ❢❛❝"♦&$ ❛❧❧ ♦❢ "❤❡ "✐♠❡✳ ❆❇❈ ♦✉"♣❡&❢♦&♠$
❇◆✵✷❛ ❛♥❞ ❇◆✵✷❜ ❜✉" ♣&♦❞✉❝❡$ ❧❡$$ &❡❧✐❛❜❧❡ &❡$✉❧"$ ✇✐"❤ ❛♥ ✐♥❝&❡❛$❡ ✐♥ "❤❡ $❛♠✲
♣❧❡ $✐③❡✳ ❚❤❡ ♦"❤❡& ❝&✐"❡&✐❛ ♥❡❣❧❡❝" "❤❡ ✇❡❛❦ ❢❛❝"♦& ❛$ "❤❡ $❛♠♣❧❡ ✐♥❝&❡❛$❡$✳ ❲❡
✇♦✉❧❞ ♣♦✐♥" ♦✉" "❤❛" ✐♥❝&❡❛$✐♥❣ "❤❡ $❛♠♣❧❡ $✐③❡ ❞♦❡$ ♥♦" ♥❡❝❡$$❛&✐❧② ✐♠♣&♦✈❡ "❤❡
&❡$✉❧"$ $✐♥❝❡ "❤❡ ❞❡❣&❡❡ ♦❢ ❝&♦$$✲$❡❝"✐♦♥ ❝♦&&❡❧❛"✐♦♥ ❛❧$♦ ✐♥❝&❡❛$❡$ ❛❝❝♦&❞✐♥❣ "❤❡
❡①♣❡&✐♠❡♥" ❞❡$✐❣♥ ✭ei,t ❂ρei,t−1+υit+
∑J
j 6=0,j=−J βυi−j,t✱ J = max(10, n/20)✮✳
❚❤❡ &❡$✉❧"$ ❢♦& ❉●5 ✽❛✲❝ ✭♣&❡$❡♥❝❡ ♦❢ ❛ ❞♦♠✐♥❛♥" $"&♦♥❣ ❢❛❝"♦&✮ ❛&❡ ❞✐$✲
♣❧❛②❡❞ ✐♥ ✜❣✉&❡ ✾✲✶✷✳ ■♥ "❤❡ ❛❜$❡♥❝❡ ♦❢ $❡&✐❛❧ ❛♥❞ ❝&♦$$✲$❡❝"✐♦♥ ❝♦&&❡❧❛"✐♦♥ ✭❧❡❢"
❝♦❧✉♠♥✮✱ "❤❡ ♥✉♠❜❡&$ $❡❧❡❝"❡❞ ❜② ❇◆✵✷❛✱ ❇◆✵✷❜✱ ❆❇❈ ❛♥❞ ❖♥❛✶✵ ❛&❡ ❛❧♠♦$"
❛❧✇❛②$ ❛❝❝✉&❛"❡✳ ■♥ ❝♦♥"&❛$"✱ "❤❡ ●❘ &❛"✐♦ ❣✐✈❡$ ♣&❡❝✐$❡ ❡$"✐♠❛"✐♦♥$ ♦♥❧② ✐❢ "❤❡
❞♦♠✐♥❛♥" ❢❛❝"♦& ✐$ ♥♦" ✈❡&② ✏$"&♦♥❣✑✳ ❋✐♥❛❧❧②✱ ❊❘ "❡♥❞$ "♦ ❣✐✈❡ ♦♥❧② "✇♦ ❢❛❝"♦&$
❛$ "❤❡ $❛♠♣❧❡ ✐♥❝&❡❛$❡$✳ ❲❤❡♥ $♠❛❧❧ $❡&✐❛❧ ❛♥❞ ❝&♦$$✲$❡❝"✐♦♥ ❝♦&&❡❧❛"✐♦♥$ ❛&❡
❛❧❧♦✇❡❞ ✭♠✐❞❞❧❡ ❝♦❧✉♠♥✮✱ ♦♥❧② ❖♥❛✶✵ ❝♦♥"✐♥✉❡$ "♦ ✐♥❞✐❝❛"❡ ❛ ❢❛✐&❧② ❛❝❝✉&❛"❡
♥✉♠❜❡&✳ ❲❤❡♥ ❧❛&❣❡ $❡&✐❛❧ ❛♥❞ ❝&♦$$✲$❡❝"✐♦♥ ❝♦&&❡❧❛"✐♦♥$ ❛&❡ ❛❧❧♦✇❡❞ ✭&✐❣❤" ❝♦❧✲
✉♠♥✮✱ "❤❡ &❡$✉❧"$ ✇♦&$❡♥✳ ❇◆✵✷❛✱ ❇◆✵✷❜ ❛♥❞ ❆❇❈ ♦✈❡&❡$"✐♠❛"❡ "❤❡ ♥✉♠❜❡& ♦❢
✶✹
❚❤❡ #❡$✉❧'$ ♦❢ ❛❧❧ '❤❡ ❝♦♠❜✐♥❛'✐♦♥$ ♦❢ ♥❂✹✵✱ ✺✵✱ ✶✵✵✱ ✶✺✵✱ ✷✵✵✱ ✸✵✵❀ ❚❂✹✵✱ ✺✵✱ ✶✵✵✱ ✶✺✵✱
✷✵✵✱ ✸✵✵ ❢♦# ❡❛❝❤ ❞✐✛❡#❡♥' ✈❛❧✉❡ ♦❢ θ ❛#❡ ❛✈❛✐❧❛❜❧❡ ♦♥ #❡<✉❡$'
✷✵
❢❛❝#♦%& ❛♥❞ #❤❡ %❡♠❛✐♥✐♥❣ ❝%✐#❡%✐❛ #❡♥❞ #♦ &✉❣❣❡&# ♦♥❧② ♦♥❡ ❢❛❝#♦% ❛& #❤❡ &❛♠♣❧❡
&✐③❡ ✐♥❝%❡❛&❡&✳
❚♦ &✉♠♠❛%✐③❡✱ ✐♥ #❤❡ ❝❛&❡ ♦❢ ✐✳✐✳❞✳✱ ❤❡#❡%♦&❦❡❞❛&#✐❝✐#② ♦% ♣✉%❡ &❡%✐❛❧ ❝♦%✲
%❡❧❛#✐♦♥ ✐♥ #❤❡ ✐❞✐♦&②♥❝%❛#✐❝ ❝♦♠♣♦♥❡♥#✱ ❛❧❧ #❤❡ ❝%✐#❡%✐❛ ♣❡%❢♦%♠ ✇❡❧❧✳ ▼♦&#
❝%✐#❡%✐❛ ❛%❡ ♠♦%❡ &❡♥&✐#✐✈❡ #♦ ❝%♦&&✲&❡❝#✐♦♥ ❝♦%%❡❧❛#✐♦♥✳ ❆❇❈✱ ❖♥❛✶✵✱ ❆❍❴❊❘
❛♥❞ ❆❤❴●❘ ♦✉#♣❡%❢♦%♠ #❤❡ ♦#❤❡%& ✐♥ #❤❡ ♣%❡&❡♥❝❡ ♦❢ &❡%✐❛❧ ❛♥❞ ♠✐❧❞ ❝%♦&&✲
&❡❝#✐♦♥ ❝♦%%❡❧❛#✐♦♥✳ ■♥ ♣❛%#✐❝✉❧❛%✱ ❆❍❴●❘ ❞♦❡& ✇❡❧❧ ❡✈❡♥ ✐♥ ♣%❡&❡♥❝❡ ♦❢ &#%♦♥❣
❝%♦&&✲❝♦%%❡❧❛#✐♦♥✳ ❍♦✇❡✈❡%✱ ✐# #❡♥❞& #♦ ✉♥❞❡%❡&#✐♠❛#❡ #❤❡ ♥✉♠❜❡% ♦❢ ❢❛❝#♦%&
✐♥ #❤❡ ♣%❡&❡♥❝❡ ♦❢ ♦♥❡ ✇❡❛❦ ♦% ♦♥❡ ❞♦♠✐♥❛♥# ❢❛❝#♦%✳ ■♥ #❤❡ ♣%❡&❡♥❝❡ ♦❢ ❜♦#❤
❝%♦&&✲❝♦%%❡❧❛#✐♦♥ ✭♠♦❞❡%❛#❡✮ ❛♥❞ ❛ ❞♦♠✐♥❛♥# ❢❛❝#♦%✱ ❖♥❛✶✵ &❡❡♠& #♦ ❜❡ ♠♦%❡
%❡❧✐❛❜❧❡✳
✹✳✷ ❉②♥❛♠✐❝ ❢❛❝+♦-.
■♥ %❡❧❛#✐♦♥ #♦ #❤❡ ❝%✐#❡%✐❛ ❢♦% &❡❧❡❝#✐♥❣ #❤❡ ♥✉♠❜❡% ♦❢ ❞②♥❛♠✐❝ ❢❛❝#♦%&✱ ✇❡ ❣❡♥❡%✲
❛#❡ &❛♠♣❧❡& ✇✐#❤ #❤❡ &❛♠❡ ❉●K& ❛& ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✼✮✱ ✇✐#❤ &❧✐❣❤# ♠♦❞✐✜❝❛#✐♦♥✳
❚❤❡ ❜❛&❡ ♠♦❞❡❧ ✐&
xt = A0ft +A1ft−1 +A2ft−2 + et
A0✱A1 ❛♥❞ A2 ❛%❡ ❞%❛✇♥ ❢%♦♠ #❤❡ &#❛♥❞❛%❞ ♥♦%♠❛❧❧② ❞✐&#%✐❜✉#❡❞ %❛♥❞♦♠
✈❛%✐❛❜❧❡&✳ ❚❤❡ ♥✉♠❜❡% ♦❢ ❞②♥❛♠✐❝ ❢❛❝#♦%& ✐& ❛&&✉♠❡❞ #♦ ❜❡ #✇♦ ✐♥ ❛❧❧ ❉●K&✳
❚❤❡ ♥✉♠❜❡% ♦❢ &#❛#✐❝ ❢❛❝#♦% ♠♦❞❡❧& ✐& ❤❡♥❝❡ r = q(s+ 1) = 6✳ ❋♦❧❧♦✇✐♥❣ ❉●K&
❛%❡ ❝♦♥&✐❞❡%❡❞✿
❉●K✾✿ ft ✐& ❛ ▼♦✈✐♥❣ ❆✈❡%❛❣❡ ▼❆✭✶✮ ♣%♦❝❡&&✿ ft = vt + Θvt−1✱ ✇✐#❤
Θ = diag(0.2, 0.9) ❛♥❞ vt∼ N(0, 1)✱
❉●K✶✵✿ ft ✐& ❛♥ ❆✉#♦%❡❣%❡&&✐✈❡ ❆❘✭✶✮ ♣%♦❝❡&&✿ ft = Γ1ft−1 + vt✱ ✇✐#❤
Γ = diag(0.2, 0.9) ❛♥❞ vt∼ N(0, 1)✳
■♥ ❝♦♥#%❛&# ♦❢ ❇❛✐ ❛♥❞ ◆❣ ✭✷✵✵✼✮✱ ✇❤❡%❡ et ❛%❡ ✐✳✐✳❞✳ &#❛♥❞❛%❞ ♥♦%♠❛❧✱ ❜♦#❤
&❡%✐❛❧ ❛♥❞ ❝%♦&&✲&❡❝#✐♦♥ ❝♦%%❡❧❛#✐♦♥ ❛%❡ ❛❧❧♦✇❡❞ ❢♦% ✐❞✐♦&②♥❝%❛#✐❝ ❝♦♠♣♦♥❡♥# ✐♥
❉●K✾ ❛♥❞ ❉●K✶✵✱ ✇❤✐❝❤ ❢♦❧❧♦✇& #❤❡ ♣%♦❝❡&& &✉❣❣❡&#❡❞ ❜② ❖♥❛#&❦✐ ✭✷✵✵✾✮✿
ei,t ❂ρei,t−1 + υit✱ ✇✐#❤ ρ ∼ U [−0.8, 0.8]✱ β = 0.2✶✺✳
❲❡ ❛❧&♦ ❝♦♥&✐❞❡% #❤❡ ♣%❡&❡♥❝❡ ♦❢ ♦♥❡ ❞♦♠✐♥❛♥#❧② &#%♦♥❣ ❢❛❝#♦% ✐♥ ❜♦#❤ ❝❛&❡&✱
✐✳❡✳ f1,t ∼ N(0, σ2f1)✱ f2,t ∼ N(0, 1)✱ σ2f1 #❛❦❡& #❤❡ ✈❛❧✉❡ ♦❢ ❛❧❧ ♣❛✐% ♥✉♠❜❡%&
❜❡#✇❡❡♥ ✷ ❛♥❞ ✷✵✳ ▲❡# ▼❆ ✇✐#❤ ♦♥❡ ❞♦♠✐♥❛♥# ❢❛❝#♦% ❜❡ ❉●K✶✶ ❛♥❞ ❆❘ ✇✐#❤
♦♥❡ ❞♦♠✐♥❛♥# ❢❛❝#♦% ❜❡ ❉●K✶✷✳
❋♦% #❤❡ ♣%♦❝❡❞✉%❡& ✇❤❡%❡ qmax ✐& %❡V✉✐%❡❞✱ qmax ✐& &❡# #♦ ❜❡ %✱ #❤❡ ♥✉♠❜❡%
♦❢ &#❛#✐❝ ❢❛❝#♦%&✳ ❚❤❡ ✜%&# &#❡♣ ✐& #❤✉& ❡&#✐♠❛#✐♦♥ ♦❢ #❤❡ ♥✉♠❜❡% ♦❢ &#❛#✐❝ ❢❛❝#♦%&✳
■♥ ❧✐❣❤# ♦❢ #❤❡ %❡&✉❧#& ♦❜#❛✐♥❡❞ ✐♥ #❤❡ ♣%❡✈✐♦✉& &❡❝#✐♦♥✱ ✇❡ %❡❧② ♦♥ #❤❡ %❡&✉❧#& ✐♥
❖♥❛✶✵✱ ❆❍❴❊❘ ❛♥❞ ❆❍❴●❘ ♣%✐♠❛%✐❧②✳ ❚❤❡ %❡&✉❧#& ❢♦% ♥✉♠❜❡% ♦❢ &#❛#✐❝ ❢❛❝#♦%&
✶✺
❚❤❡ #❡$✉❧'$ ✇✐'❤ β = 0.5 ❛♥❞ $❂✶ ❛#❡ $✐♠✐❧❛# ❛♥❞ ❛#❡ ♥♦' #❡♣♦'❡❞✳
✷✶
 ❡❧❡❝$❡❞ ❜② $❤❡ ♣*❡✈✐♦✉ ❝*✐$❡*✐❛ ❢♦* ❉●3✾ ✭▼❆✮ ❛*❡ ❣✐✈❡♥ ✐♥ $❛❜❧❡ ✽
✶✻
✳ ❇◆✵✷❛
❛♥❞ ❇◆✵✷❜ ♦✈❡*❡ $✐♠❛$❡ $❤❡ ♥✉♠❜❡* ♦❢  $❛$✐❝ ❢❛❝$♦* ✳ ◆♦$✐❝❡ $❤❡ ♥✉♠❜❡* ♦❢
 $❛$✐❝ ❢❛❝$♦* ❡ $✐♠❛$❡❞ ❛♣♣*♦❛❝❤❡ $❤❡ *❡❛❧ ♥✉♠❜❡* ❛ $❤❡ ◆ ♦*✴❛♥❞ ❚ ✐♥❝*❡❛ ❡
 ✐♥❝❡ $❤❡ ❝*♦  ✲ ❡❝$✐♦♥ ❝♦**❡❧❛$✐♦♥ ❞♦❡ ♥♦$ ✐♥❝*❡❛ ❡ ✇✐$❤  ❛♠♣❧❡  ✐③❡✳ ❆♥❞
❖♥❛✵✾ ✉♥❞❡*❡ $✐♠❛$❡ $❤❡ ♥✉♠❜❡* ♦❢  $❛$✐❝ ❢❛❝$♦* ✳ ❍♦✇❡✈❡*✱ ❆❇❈✱ ❖♥❛✶✵✱
❆❍❴❊❘ ❛♥❞ ❆❍❴●❘ ❝*✐$❡*✐❛ ❣✐✈❡ ❡ $✐♠❛$✐♦♥ ❝❧♦ ❡ $♦ $❤❡ *❡❛❧ ♥✉♠❜❡* ♦❢  $❛$✐❝
❢❛❝$♦* ✳ ❚❤❡*❡❢♦*❡✱ ✇❡  ❡$ * $♦ ❜❡ $❤❡ *❡❛❧ ♥✉♠❜❡* ♦❢  $❛$✐❝ ❢❛❝$♦*✱ ✐✳❡✳✱ ✻✳
❚❤❡ *❡ ✉❧$ ❢♦* $❤❡ ❛✈❡*❛❣❡  ❡❧❡❝$❡❞ ♥✉♠❜❡* ♦❢ ❢❛❝$♦* ♦✈❡* ✺✵✵ *❡♣❧✐❝❛$✐♦♥ 
❢♦* ❉●3 ✾ ❛*❡ ❣✐✈❡♥ ✐♥ $❛❜❧❡ ✽✳ ❇◆✵✼❛ ❛♥❞ ❇◆✵✼❜ ✐♥✈❛*✐❛❜❧② ♣♦✐♥$ $♦ ♦♥❡ ❞②✲
♥❛♠✐❝ ❢❛❝$♦*✱ ✇❤✐❧❡ ❖♥❛✵✾✱ ❏❖❘✱ ❙❲❛ ❛♥❞ ❙❲❜ ❛❧✇❛② ♦✈❡*❡ $✐♠❛$❡ $❤❡ ♥✉♠❜❡*
♦❢ ❢❛❝$♦* ✳ ❍▲ ❛♥❞ ❇3 ❛❝❝✉*❛$❡❧② ❡ $✐♠❛$❡ $❤❡ ♥✉♠❜❡* ♦❢ ❢❛❝$♦* ✳ ❍♦✇❡✈❡*✱ ❛ 
✐♥ ❆❇❈✱ ❍▲ ✐ ♠✉❝❤ ♠♦*❡ $✐♠❡ ❝♦♥ ✉♠✐♥❣✳ ❆♥♦$❤❡* ♣*♦❜❧❡♠ *❡❧❛$❡❞ $♦ ❆❇❈
❛♥❞ ❍▲ ✐ $❤❡ ❛✉$❤♦*  ✉❣❣❡ $ ❝❤♦♦ ✐♥❣ $❤❡ ✈❛❧✉❡ ♦❢ $❤❡  ❡❝♦♥❞ ✢❛$ ✐♥$❡*✈❛❧ ❛ 
$❤❡ ♥✉♠❜❡* ♦❢ ❢❛❝$♦* ✳ ❍♦✇❡✈❡*✱ $❤❡② ❛*❡ ♥♦$ ♣*❡❝✐ ❡ ❛❜♦✉$ $❤❡ ❧❡♥❣$❤ ♦❢ $❤❡
✢❛$ ✐♥$❡*✈❛❧✳ ❚❤❡*❡❢♦*❡✱ ✈❡*②  ❤♦*$ ✢❛$ ✐♥$❡*✈❛❧ ❝❛♥ ❧❡❛❞ $♦ ✉♥ $❛❜❧❡ *❡ ✉❧$ ✳
❚❤❡ *❡ ✉❧$ ❢♦* ❉●3 ✶✵ ✭❆❘✮ ❛*❡ ❣✐✈❡♥ ✐♥ $❛❜❧❡ ✾✳ ❋♦* $❤❡  $❛$✐❝ ❢❛❝$♦* ✱
❇◆✵✷❛ ❛♥❞ ❇◆✵✷❜ ♦✈❡*❡ $✐♠❛$❡ $❤❡ ♥✉♠❜❡* ❢♦*  ♠❛❧❧ ❚ ✭❚❂✺✵✮✳ ❆  ❛♠♣❧❡
 ✐③❡ ✐♥❝*❡❛ ❡ ✱ ❇◆✵✷❛ ❛♥❞ ❇◆✵✷❜ ✉♥❞❡*❡ $✐♠❛$❡ $❤❡ ♥✉♠❜❡* ♦❢ ❢❛❝$♦* ✳ ❚❤❡
✉♥❞❡*❡ $✐♠❛$✐♦♥ ♦❢ ❖♥❛✵✾ ✐ ♠♦*❡  ❡✈❡*❡✳ ◆❡①$✱ ❆❍❴❊❘ ❛♥❞ ❆❍❴●❘ ❝*✐$❡*✐❛
❣✐✈❡ ❧❡  ❛❝❝✉*❛$❡ ❡ $✐♠❛$✐♦♥ $❤❛♥ ✐♥ ❉●3✾✳ ❚❤❡② ✉♥❞❡*❡ $✐♠❛$❡ $❤❡ ♥✉♠❜❡* ♦❢
❢❛❝$♦* ❢♦*  ♠❛❧❧  ❛♠♣❧❡ ❛♥❞ $❤❡ ♣*♦❜❧❡♠ ♦❢ ❆❍❴❊❘ ✐ ♠♦*❡  ❡✈❡*❡✳ ❍♦✇❡✈❡*✱
❆❇❈ ❛♥❞ ❖♥❛✶✵ ❝♦♥$✐♥✉❡ $♦ ❣✐✈❡ ❛♥ ❛❝❝✉*❛$❡ ❡ $✐♠❛$✐♦♥✳ ❋♦* $❤❡ ♥✉♠❜❡* ♦❢
❞②♥❛♠✐❝ ❢❛❝$♦* ✱ $❤❡ *❡ ✉❧$ ❛*❡  ✐♠✐❧❛* $♦ ❉●3✾✱ ❇◆✵✼❛ ❛♥❞ ❇◆✵✼❜ ❝♦♥$✐♥✉❡
$♦ ✉♥❞❡*❡ $✐♠❛$❡ $❤❡ ♥✉♠❜❡* ♦❢ ❢❛❝$♦* ❛♥❞ ❙❲❛ ❛♥❞ ❙❲❜ ❝♦♥$✐♥✉❡ $♦ ♦✈❡*✲
❡ $✐♠❛$❡ $❤❡ ♥✉♠❜❡* ♦❢ ❢❛❝$♦* ✳ ■♥ ❢❛❝$✱ ❙❲❛ ❛♥❞ ❙❲❜ ❛❧✇❛② $❛❦❡ $❤❡ ✈❛❧✉❡
♦❢ qmax✳ ◆❡①$✱ ❖♥❛✵✾  ❧✐❣❤$❧② ✉♥❞❡*❡ $✐♠❛$❡ $❤❡ ♥✉♠❜❡* ♦❢ ❢❛❝$♦* ✳ ■$ ✐ ♥♦$
 ✉*♣*✐ ✐♥❣ $❤❛$ $❤❡ ♥✉♠❜❡* ♦❢  $❛$✐❝ ❢❛❝$♦* ❛♥❞ ❞②♥❛♠✐❝ ❢❛❝$♦*  ✉❣❣❡ $❡❞ ❜②
❖♥❛✵✾ ❛*❡ ❝❧♦ ❡  ✐♥❝❡ $❤❡ ❛♣♣*♦❛❝❤ ✐  ✐♠✐❧❛*✳ ❍♦✇❡✈❡*✱ ♦✉* ❡①♣❡*✐♠❡♥$  ❤♦✇ 
$❤❛$ $❤❡ ❝*✐$❡*✐❛ ❞❡✈❡❧♦♣❡❞ ❜② ❖♥❛$ ❦✐ ✭✷✵✵✾✮ ✐ ♠♦*❡  ✉✐$❛❜❧❡ ❢♦*  ❡❧❡❝$✐♥❣ $❤❡
♥✉♠❜❡* ♦❢ ❞②♥❛♠✐❝ ❢❛❝$♦* ✳ ❈♦♥❝❡*♥✐♥❣ ❏❖❘✱ ✐$ ♦✈❡*❡ $✐♠❛$❡ $❤❡ ♥✉♠❜❡* ♦❢
❢❛❝$♦* ✳ ◆♦♥❡$❤❡❧❡  ✱ ❛  ❛♠♣❧❡  ✐③❡ ✐♥❝*❡❛ ❡ ✱ $❤❡ ❡ $✐♠❛$✐♦♥ ❛♣♣*♦❛❝❤❡ $❤❡
*❡❛❧ ♥✉♠❜❡*✳ ❋✐♥❛❧❧②✱ ❍▲ ❝❤♦♦ ❡ $✇♦ ✭♠♦ $ ♦❢ $✐♠❡✮ ♦* $❤*❡❡ ❢❛❝$♦* ❛♥❞ ❇3
❛❝❝✉*❛$❡❧②  ❡❧❡❝$ ♥✉♠❜❡* ♦❢ ❢❛❝$♦* ✳
❋♦* ❉●3 ✶✶ ✭▼❆ ✇✐$❤ ♦♥❡ ❞♦♠✐♥❛♥$ ❢❛❝$♦*✱ ✜❣✉*❡ ✶✸✲✶✻✮✱ $❤❡ *❡ ✉❧$ ❛*❡
 ✐♠✐❧❛* $♦ ❉●3✾ ✭▼❆✮✳ ❉❡ ♣✐$❡ $❤❡ ♣*❡ ❡♥❝❡ ♦❢ ♦♥❡ ❞♦♠✐♥❛♥$  $*♦♥❣ ❢❛❝$♦*✱
❖♥❛✶✵✱ ❆❍❴❊❘ ❛♥❞ ❆❍❴●❘  $✐❧❧ ❝♦**❡❝$❧②  ❡❧❡❝$ $❤❡ ♥✉♠❜❡* ♦❢  $❛$✐❝ ❢❛❝$♦* ✳
❚❤❡ ❡ $✐♠❛$✐♦♥ ♦❢ ❆❇❈ ✐ ❧❡  ❛❝❝✉*❛$❡ $❤❛♥ ✐♥ ❉●3✾ ❛♥❞  $✐❧❧ ❝❧♦ ❡ $♦ $❤❡
*❡❛❧ ♥✉♠❜❡*✳ ❇3 ❝♦♥$✐♥✉❡ $♦ ❝❤♦♦ ❡ $❤❡ ❝♦**❡❝$ ♥✉♠❜❡* ♦❢ ❞②♥❛♠✐❝ ❢❛❝$♦* ✳
■♥ ❝♦♥$*❛ $✱ ✐❢ ✇❡ ❛❧❧♦✇ ♦♥❡ ❞♦♠✐♥❛♥$ ❢❛❝$♦* ✐♥ ❆❘ ✭❉●3✶✷✱ ✜❣✉*❡ ✶✼✲✷✵✮✱ ♥♦
❝*✐$❡*✐❛ ❝❛♥ ❛❝❝✉*❛$❡❧② ❡ $✐♠❛$❡ ♣♦✐♥$ ♦✉$ $❤❡ *❡❛❧ ♥✉♠❜❡* ♦❢  $❛$✐❝ ❢❛❝$♦* ✳ ❚♦
❡ $✐♠❛$❡ $❤❡ ♥✉♠❜❡* ♦❢ ❞②♥❛♠✐❝ ❢❛❝$♦* ✱ ✐❢ ✇❡  ❡$ ^♠❛① $♦ ❜❡ $❤❡ *❡❛❧ ♥✉♠❜❡*
♦❢ ❢❛❝$♦* ✱ ❖♥❛✵✾ ❛♥❞ ❏❖❘ ❣✐✈❡ ❛♥ ❛❝❝✉*❛$❡ ❡ $✐♠❛$✐♦♥ ❛♥❞ ♦✉$♣❡*❢♦*♠ $❤❡
♦$❤❡* ✱ ✇❤✐❧❡ ❇3 ♦✈❡*❡ $✐♠❛$❡ $❤❡ ♥✉♠❜❡* ♦❢ ❞②♥❛♠✐❝ ❢❛❝$♦* ✳ ■❢ ✇❡  ❡$ ^♠❛①
✶✻
❙✐♠✐❧❛% %❡'✉❧)' ❛%❡ ❢♦✉♥❞ ❢♦% ❉●0 ✶✵ ❛♥❞ ❉●0✶✶✳ ❚❤❡ %❡'✉❧)' ❛%❡ ♥♦) %❡♣♦%)❡❞ ❤❡%❡✳
✷✷
 ♦ ❜❡ ✷✱ ❛' '✉❣❣❡' ❡❞ ❜② ❖♥❛✶✵✱  ❤❡♥ ❆❍❴❊❘ ❛♥❞ ❆❍❴●❘✱ ❇8 ❝❤♦♦'❡' ✶ ❢♦;
'♠❛❧❧ '❛♠♣❧❡' ❛♥❞ ✷ ❛'  ❤❡ '❛♠♣❧❡ ❣❡ ' ❧❛;❣❡✱ ✇❤✐❝❤ ✐' ♥♦ '✉;♣;✐'✐♥❣
✶✼
✳
❚♦ ❝♦♥❝❧✉❞❡✱ ✇❤❡♥  ❤❡ ❞②♥❛♠✐❝ ❢❛❝ ♦;' ❢♦❧❧♦✇ ❛♥ ▼❆ ♣;♦❝❡''✱ ❆❇❈✱ ❖♥❛✶✵✱
❆❍❴❊❘ ❛♥❞ ❆❍❴●❘ ✇✐❧❧ ❛❝❝✉;❛ ❡❧② ❡' ✐♠❛ ❡  ❤❡ ♥✉♠❜❡; ♦❢ ' ❛ ✐❝ ❢❛❝ ♦;'✳
❍♦✇❡✈❡;✱  ❤❡ ♣❡;❢♦;♠❛♥❝❡ ♦❢ ❆❍❴❊❘ ❛♥❞ ❆❍❴●❘ ❞❡ ❡;✐♦;❛ ❡ ✐❢  ❤❡ ❞②♥❛♠✐❝
❢❛❝ ♦;' ❢♦❧❧♦✇ ❛♥ ❆❘ ♣;♦❝❡''✳ ❚❤❡ '✐ ✉❛ ✐♦♥ ❜❡❝♦♠❡' ✇♦;'❡ ✐❢  ❤❡;❡ ✐' ♦♥❡
❞♦♠✐♥❛♥ ' ;♦♥❣ ❢❛❝ ♦; ♣;❡'❡♥ ✱ ❛♥❞ ♥♦ ❝;✐ ❡;✐❛ ❝❛♥ ❣✐✈❡  ❤❡ ❝♦;;❡❝ '♣❡❝✐✜❝❛ ✐♦♥✳
■♥  ❤❡ '♣❡❝✐✜❝❛ ✐♦♥ ❢♦;  ❤❡ ♥✉♠❜❡; ♦❢ ❞②♥❛♠✐❝ ❢❛❝ ♦;'✱ ❇8 ❣✐✈❡' ❛♥ ❛❝❝✉;❛ ❡
❡' ✐♠❛ ✐♦♥ ✐♥ ❜♦ ❤  ❤❡ ❆❘ ❛♥❞ ▼❆ ❝❛'❡'✳ ❍♦✇❡✈❡;✱ ✐❢  ❤❡;❡ ✐' ♦♥❡ ❞♦♠✐♥❛♥ ❧②
' ;♦♥❣ ❢❛❝ ♦; ✐♥ ❆❘✱ ✐ ❢❛✐❧'✳ ❆♥♦ ❤❡; ♣;♦❜❧❡♠ ✐'  ❤❛ ❇8 ✐' H✉✐ ❡ '❡♥'✐ ✐✈❡  ♦
qmax✳
✺ ❊♠♣✐%✐❝❛❧ ❛♣♣❧✐❝❛)✐♦♥
❋✐♥❛❧❧②✱ ✇❡ ❡✈❛❧✉❛ ❡  ❤❡ ♣❡;❢♦;♠❛♥❝❡ ♦❢  ❤❡ ❝;✐ ❡;✐❛ ✐♥ ❡♠♣✐;✐❝❛❧ ' ✉❞✐❡'✳ ❲❡
❡' ✐♠❛ ❡  ❤❡ ♥✉♠❜❡; ♦❢ ❢❛❝ ♦;' ✐♥  ❤❡ ' ♦❝❦ ♠❛;❦❡ ' ✐♥  ❤❡ ❯❙✱ ❋;❛♥❝❡✱  ❤❡ ❯❑
❛♥❞ ❏❛♣❛♥✳ ❖✉; ❞❛ ❛ ❝♦♥'✐' ♦❢ ♠♦♥ ❤❧② ' ♦❝❦ ;❡ ✉;♥' ♦❢  ❤❡ ♠❡♠❜❡; ❝♦♠♣❛♥✐❡'
♦❢  ❤❡ ❙✫8 ✺✵✵ ✭ ❤❡ ❯❙✮✱ ❙❇❋ ✷✺✵ ✭❋;❛♥❝❡✮✱ ❋❚❙❊ ✷✺✵ ✭ ❤❡ ❯❑✮ ❛♥❞ ◆✐❦❦❡✐
✷✷✺ ✭❏❛♣❛♥✮✳ ❚❤❡ '❛♠♣❧❡ ♣❡;✐♦❞ ✐' ✵✶✴✶✾✾✷✲✶✷✴✷✵✶✶✳ ❚❤❡;❡ ❛;❡ ✷✹✵ ♠♦♥ ❤'
✐♥  ❤❡ '❛♠♣❧❡✱ ✇❤✐❝❤ ❝♦✈❡;'  ❤❡ ♠♦' ✐♠♣♦; ❛♥ ✇♦;❧❞✇✐❞❡ ❡❝♦♥♦♠✐❝ ❡✈❡♥ '
'✐♥❝❡ ✶✾✾✵'✿ ✐♥ ❡;♥❡ ❜♦♦♠ ✭♠✐❞✲ ❛♥❞ ❧❛ ❡✲ ✶✾✾✵✮ ❛♥❞  ❤❡ ❝♦❧❧❛♣'❡ ♦❢ ❞♦ ✲❝♦♠
❜✉❜❜❧❡ ✭✶✾✾✾✲✷✵✵✶✮❀ ❆'✐❛ ✜♥❛♥❝✐❛❧ ❝;✐'✐' ✭✶✾✾✼✲✶✾✾✾✮❀ ;❡❛❧ ❡' ❛ ❡ ❜✉❜❜❧❡ ✭♠✐❞✲
✷✵✵✵✮❀  ❤❡ ✜♥❛♥❝✐❛❧ ❝;✐'✐' ' ❛; ❡❞ ✐♥ ✷✵✵✼ ❛♥❞  ❤❡ ❢♦❧❧♦✇✐♥❣ ✇♦;❧❞✇✐❞❡ ❡❝♦♥♦♠✐❝
❞♦✇♥ ✉;♥✳ ❆♠♦♥❣  ❤❡ ' ♦❝❦ ❝♦♠♣♦♥❡♥ '✱ ✇❡ ❝❤♦♦'❡ ♦♥❧②  ❤♦'❡ ' ♦❝❦' ✇❤✐❝❤
;❡ ✉;♥' ❛;❡ ❛✈❛✐❧❛❜❧❡ ❢♦;  ❤❡ ❡♥ ✐;❡ ♦❜'❡;✈❛ ✐♦♥ ♣❡;✐♦❞'✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ✷✻✽
✭❯❙✮✱ ✾✹ ✭❋;❛♥❝❡✮✱ ✶✵✸ ✭ ❤❡ ❯❑✮ ❛♥❞ ✶✼✾ ✭❏❛♣❛♥✮ ❝♦♠♣❛♥✐❡' ;❡'♣❡❝ ✐✈❡❧② ❢♦; ❡❛❝❤
♠❛;❦❡ ✳ ❋♦;  ❤❡ ♣✉;♣♦'❡ ♦❢ ' ✉❞②✐♥❣  ❤❡ ♣❡;❢♦;♠❛♥❝❡ ♦❢ ❞✐✛❡;❡♥ ❝;✐ ❡;✐❛ ✐♥ '♠❛❧❧
'❛♠♣❧❡✱ ✇❡ ❞✐✈✐❞❡  ❤❡ ❡♥ ✐;❡ '❛♠♣❧❡ ✐♥ ♦ ❢♦✉; ❜❧♦❝❦' ✇✐ ❤ ✻✵ ♠♦♥ ❤' ✭✺ ②❡❛;'✮ ✐♥
❡❛❝❤ '✉❜♣❡;✐♦❞'✿ ✶✾✾✷✲✶✾✾✻✱ ✶✾✾✼✲✷✵✵✶✱ ✷✵✵✷✲✷✵✵✻✱ ✷✵✵✼✲✷✵✶✶✳ ❚❤❡ ❞❛ ❛ '♦✉;❝❡
❛;❡ ❢;♦♠ ❇❧♦♦♠❜❡;❣
✶✽
✳ ❆❧❧  ❤❡ '❡;✐❡' ❛;❡  ;❛♥'❢♦;♠❡❞  ♦ ❜❡ ' ❛ ✐♦♥❛;② ❛♥❞
♥♦;♠❛❧✐③❡❞  ♦ ❤❛✈❡ ♠❡❛♥' ♦❢ ③❡;♦ ❛♥❞ ✈❛;✐❛♥❝❡' ♦❢ ♦♥❡✳
❇♦ ❤  ❤❡ ♥✉♠❜❡; ♦❢ ❢❛❝ ♦;' ❢♦;  ❤❡ ❡♥ ✐;❡ ♣❡;✐♦❞ ❛♥❞  ❤❡ '✉❜✲♣❡;✐♦❞' ❛;❡
❡' ✐♠❛ ❡❞✳ ❚❤❡ ❡' ✐♠❛ ✐♦♥ ;❡'✉❧ ' ❛;❡ '✉♠♠❛;✐③❡❞ ✐♥ ❚❛❜❧❡' ✶✵ ❛♥❞ ✶✶✳ ❚❤❡
♠❛①✐♠✉♠ ♥✉♠❜❡; ♦❢ ' ❛ ✐❝ ❢❛❝ ♦;' ❛♥❞ ❞②♥❛♠✐❝ ❢❛❝ ♦;' ❛;❡ '❡  ♦ ❜❡  ❡♥✳ ❋♦;
 ❤❡ ♥✉♠❜❡; ♦❢ ' ❛ ✐❝ ❢❛❝ ♦;' ❢♦;  ❤❡ ❡♥ ✐;❡ ♣❡;✐♦❞ ✭❝♦❧✉♠♥ ✹ ♦❢ ❚❛❜❧❡' ✶✵ ❛♥❞ ✶✶✮✱
❇◆✵✷❛ ♣;♦✈✐❞❡' ❡' ✐♠❛ ✐♦♥' ♦❢ ✜✈❡ ❢❛❝ ♦;' ❢♦;  ❤❡ ❯❑✱ '✐① ❢❛❝ ♦;' ❢♦; ❏❛♣❛♥ ❛♥❞
 ❤❡ ❯❙ ♠❛;❦❡ ✱ ❛♥❞  ❤;❡❡ ❢❛❝ ♦;' ❢♦; ❋;❛♥❝❡ ♠❛;❦❡ ✳ ❚❤❡ ;❡'✉❧ ' ♣;♦✈✐❞❡❞ ❜②
❇◆✵✷❜ ❛;❡ H✉✐ ❡ '✐♠✐❧❛;✳ ❚❤❡ ❡' ✐♠❛ ✐♦♥ ;❡'✉❧ ' ♦❢ ❆❇❈ ❛;❡ ❣❡♥❡;❛❧❧② ❧❡''  ❤❛♥
❇◆✵✷❛ ❛♥❞ ❇◆✵✷❜✳ ❚❤❡ ;❡'✉❧ ' ❛;❡ ✐♥ ❧✐♥❡ ✇✐ ❤  ❤❡ '✐♠✉❧❛ ✐♦♥ ;❡'✉❧ '✱ ✇❤✐❝❤
'❤♦✇❡❞  ❤❛ ❇◆✵✷❛ ❛♥❞ ❇◆✵✷❜  ❡♥❞  ♦ ♦✈❡;❡' ✐♠❛ ❡  ❤❡ ♥✉♠❜❡; ♦❢ ❢❛❝ ♦;' ❛♥❞
❆❇❈ ✐♠♣;♦✈❡'  ❤❡ ;❡'✉❧ '✳ ❚❤❡ ♦ ❤❡; ❝;✐ ❡;✐❛ '✉❣❣❡' ♠♦' ❧② ♦♥❡ ' ❛ ✐❝ ❢❛❝ ♦; ❢♦;
✶✼
■♥ ❢❛❝%✱ ✇❡ ❛❧*♦ *❡% qmax %♦ ❜❡ ✸✱ ✹ ❛♥❞ ✺✱ %❤❡ 2❡*✉❧%* ✇❡2❡ *✐♠✐❧❛2✱ ❡①❝❡♣% ❇9 ✐* ♠♦2❡
*❡♥*✐%✐✈❡ %♦ %❤❡ ♥✉♠❜❡2 ♦❢ *%❛%✐❝ ❢❛❝%♦2* ❝❤♦*❡♥✳ ❙✐♠✐❧❛2 2❡*✉❧%* ❛2❡ ❢♦✉♥❞ ❢♦2 ❉●9✾✲✶✶✳
✶✽
❲❡ ❛2❡ ❣2❛%❡❢✉❧ %♦ ❏❡❛♥✲❊%✐❡♥♥❡ ❈❛2❧♦%%✐ ❢♦2 ♣2♦✈✐❞✐♥❣ %❤❡ ❞❛%❛✳
✷✸
❛❧❧ "❤❡ ♠❛&❦❡"(✱ ❡①❝❡♣" "❤❛" ❖♥❛✶✵ ❡("✐♠❛"❡( "❤&❡❡ ❢❛❝"♦&( ❢♦& ❏❛♣❛♥ ♠❛&❦❡"✱
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❋✐❣✉$❡ ✼✿ ❉●*✼❝✿ ❊-.✐♠.✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ ❢❛❝.♦$-
❋✐❣✉$❡ ✽✿ ❉●*✼❞✿ ❊-.✐♠.✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ ❢❛❝.♦$-
✹✷
❋✐❣✉$❡ ✾✿ ❉●*✽❛✿ ❊./✐♠/✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ ❢❛❝/♦$.
❋✐❣✉$❡ ✶✵✿ ❉●*✽❜✿ ❊./✐♠/✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ ❢❛❝/♦$.
✹✸
❋✐❣✉$❡ ✶✶✿ ❉●*✽❝✿ ❊./✐♠/✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ ❢❛❝/♦$.
❋✐❣✉$❡ ✶✷✿ ❉●*✽❞✿ ❊./✐♠/✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ ❢❛❝/♦$.
✹✹
❋✐❣✉$❡ ✶✸✿ ❉●+✶✶❛✿ ❊./✐♠/✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ ./❛/✐❝ ❢❛❝/♦$.
❋✐❣✉$❡ ✶✹✿ ❉●+✶✶❜✿ ❊./✐♠/✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ ./❛/✐❝ ❢❛❝/♦$.
✹✺
❋✐❣✉$❡ ✶✺✿ ❉●+✶✶❝✿ ❊./✐♠/✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ ❞②♥❛♠✐❝ ❢❛❝/♦$.
❋✐❣✉$❡ ✶✻✿ ❉●+✶✶❞✿ ❊./✐♠/✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ ❞②♥❛♠✐❝ ❢❛❝/♦$.
✹✻
❋✐❣✉$❡ ✶✼✿ ❉●+✶✷❛✿ ❊/0✐♠0✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ /0❛0✐❝ ❢❛❝0♦$/
❋✐❣✉$❡ ✶✽✿ ❉●+✶✷❜✿ ❊/0✐♠0✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ /0❛0✐❝ ❢❛❝0♦$/
✹✼
❋✐❣✉$❡ ✶✾✿ ❉●+✶✷❝✿ ❊/0✐♠0✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ ❞②♥❛♠✐❝ ❢❛❝0♦$/
❋✐❣✉$❡ ✷✵✿ ❉●+✶✷❞✿ ❊/0✐♠0✐♦♥ ♦❢ ♥✉♠❜❡$ ♦❢ ❞②♥❛♠✐❝ ❢❛❝0♦$/
✹✽
